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Abstrat
Canonially deformed spaetime, where the ommutator of two oordinates
is a onstant, is the most ommonly studied nonommutative spae. Nonom-
mutative gauge theories that have ordinary gauge theory as their ommutative
limit have been onstruted there. But these theories have their drawbaks: First
of all, onstant nonommutativity an only be an approximation of a realisti
theory, and therefore it is neessary to study more ompliated spae-dependent
strutures as well. Seondly, in the anonial ase, the nonommutativity didn't
fulll the initial hope of uring the divergenies of quantum eld theory. There-
fore it is very desirable to understand nonommutative spaes that really admit
nite QFTs.
These two aspets of going beyond the anonial ase will be the main fous
of this thesis. They will be addressed within two dierent formalisms, eah of
whih is espeially suited for the purpose.
In the rst part nonommutative spaes reated by ⋆-produts are studied.
In the ase of nononstant nonommutativity, the ordinary derivatives possess a
deformed Leibniz rule, i.e. ∂i(f ⋆g) 6= ∂if ⋆g+f ⋆∂ig. Therefore we onstrut new
objets that still have an undeformed Leibniz rule. These derivations of the ⋆-
produt algebra an be gauged muh in the same way as in the anonial ase and
lead to funtion-valued gauge elds. By linking the derivations to frames (viel-
beins) of a urved manifold, it is possible to formulate nonommutative gauge
theories that admit nononstant nonommutativity and go to gauge theory on
urved spaetime in the ommutative limit. We are also able to express the de-
pendene of the nonommutative quantities on their orresponding ommutative
ounterparts by using Seiberg-Witten maps.
In the seond part we will study nonommutative gauge theory in the matrix
theory approah. There, the nonommutative spae is the ground state of a
matrix ation, the utuations around this ground state reating the gauge theory.
In the anonial ase the matries used are innite-dimensional (they are the
Fok-spae representation of the Heisenberg algebra), leading to a number of
problems, espeially with divergenies. Therefore we onstrut gauge theory using
nite dimensional matries (fuzzy spaes). This gauge theory is nite, goes to
gauge theory on a 4-dimensional manifold in the ommutative limit and an also
be used to regularize the nonommutative gauge theory of the anonial ase.
In partiular, we are able to math parts of the known instanton setor of the
anonial ase with the instantons of the nite theory.
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1Chapter 1
Introdution
There is a simple Gedankenexperiment showing that any quantum theory inlud-
ing gravity will make it impossible to measure distanes smaller than the Plank
length: Trying to measure smaller and smaller distanes, we are fored to use test
partiles with more and more energy. But this energy will aet the geometry of
spae itself, reating blak holes whih nally beome bigger than the distanes
we wanted to measure (see e.g. [36℄). Below the Plank length, distane looses
its meaning.
In the absene of a onsistent formulation of quantum gravity, we do not know
the exat nature of quantized spaetime, but it is lear that the usual notion of a
dierentiable manifold should be replaed by something reeting the quantum
nature of spaetime at very small distanes. Following the well known ideas of
quantum mehanis, the unertainty in the measurement of the oordinates leads
diretly to the notion of nonommutative spaes.
There is another motivation for the introdution of nonommutative spae-
time, this time oming from quantum eld theory. There, the divergenies appear-
ing in the quantization are UV-eets, and therefore related to small distanes.
The introdution of nonommutativity ould work as a ultraviolet ut-o, making
QFT nite. Even though the UV-divergenies are now well under ontrol through
the renormalization programme, they nevertheless suggest that spaetime should
hange its nature at very small distanes.
To make spaetime nonommutative, the ommutative algebra of funtions is
usually replaed by a nonommutative algebra generated by oordinates xˆi with
ommutation relations
[xˆi, xˆj ] = iθij . (1.1)
In the anonial ase, this ommutator is a onstant, i.e. θij ∈ R. Gauge theory
on this spae was studied in great detail in the last few years, mainly due to
its appearane in string theory. But if we think that nonommutativity is an
eet of quantum gravity, the anonial ase an only be the simplest example.
2 1 Introdution
Other, more ompliated strutures should be studied, espeially strutures that
are related to urved bakgrounds. But also in view of our seond motivation, the
anonial ase proved to be disappointing: it doesn't ure the innities of QFT,
it rather adds new ones.
The aim of this thesis will be to extend nonommutative gauge theory beyond
the anonial ase, in the two diretions mentioned above: towards nonommu-
tative gauge theory on urved bakgrounds in part I, and towards gauge theory
models whih are atually nite in part II. For these two goals, we will use two
dierent approahes, two dierent ways in whih nonommutative gauge theory
an be formulated already in the anonial ase: one using ⋆-produts, the other
one matries.
The notion of a ⋆-produt ame rst up when Groenewold [47℄ and Moyal [87℄
used Weyl's quantization presription [100℄ to pull bak the nonommutativity
of the quantum mehanial position and momentum operators onto the lassial
phase spae. Later on, it was generalized in the framework of deformation quan-
tization [11, 12℄ to arbitrary sympleti and Poisson manifolds. A ⋆-produt is
an assoiative nonommutative produt ating on funtions on a manifold, the
nonommutativity being ontrolled by a deformation parameter. Expanded in
this parameter, one an write
f ⋆ g = f · g + θij∂if∂jg +O(θ2) (1.2)
To zeroth order, the ⋆-produt reprodues ordinary pointwise multipliation,
higher orders are bidierential operators ating on the funtions. The rst order
term orresponds to a Poisson struture. While every ⋆-produt orresponds to a
Poisson struture, the opposite is also true: For on every Poisson manifold there
is a ⋆-produt quantizing the Poisson struture [71℄.
Interest in nonommutative gauge theory formulated with the help of ⋆-
produts triggered when it beame lear that it appears in string theory as the low
energy limit of open strings with a bakground B-eld [26℄. In this piture, the
endpoints of the open strings on the D-brane ease to ommute, and depending on
the regularization used, their behavior an be desribed either by nonommutative
Yang-Mills theory or by ommutative Yang-Mills with bakground B-eld. These
two desriptions an be linked by a map from the nonommutative quantities to
the ommutative ones, the Seiberg-Witten map [95℄.
The approah to nonommutative gauge theory most important to this thesis
was developed in Munih in a series of papers [78, 64, 63℄, notiing that multi-
pliation with a nonommutative oordinate is no longer a ovariant operation.
Then, oordinates have to be gauged muh in the same way that derivatives
have to be gauged in ommutative gauge theory, leading to ovariant oordi-
nates. As the ⋆-produt in the anonial ase behaves very muh like an ordinary
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produt with respet to dierentiation and integration, the ovariant oordinates
an be used to formulate nonommutative gauge theory in lose analogy to the
ommutative ase. The nonommutative theory is nally linked to the ommuta-
tive one by using Seiberg-Witten maps, allowing to deal with nonabelian gauge
theory as well. This way, it was possible to onstrut a nonommutative ver-
sion of the standard model [18, 81℄ and study its phenomenologial impliations
[13, 89, 80, 81, 82℄. The extension to supersymmetry is somewhat more om-
pliated as the SW-maps in general beome nonloal [84℄, but for the ase of a
redued N = 1
2
supersymmetry it is still possible [85℄. Lately, it was even possible
to formulate nonommutative gravity [8℄ for the anonial ase.
As the nonommutative gauge transformations ontain translations in spae,
there an't exist loal observables in nonommutative gauge theory. But it was
realized that in momentum spae, ertain Wilson loops with xed momentum are
atually gauge invariant [59, 48, 31℄. These Wilson loops do not quite lose, but
ontain a gap orresponding to the nonommutativity and the momentum, whih
is why they are also referred to as open Wilson lines. These open Wilson lines
were used to onstrut the inverse SW-map for the eld strength to all orders
[90℄. Other approahes to alulating SW-maps inlude a solution for abelian
gauge theory to all orders using the Kontsevih formality map [71, 65, 66℄, a
ohomologial proedure within the BRST formalism [17℄ and a rened analysis
of its internal struture [25℄.
In the quantization of nonommutative gauge theory, the legs of diagrams
an no longer be exhanged, leading to a distintion between planar and non-
planar diagrams [39℄. The planar diagrams have the same high energy behavior
as their ommutative ounterparts, but the nonplanar diagrams lead to what is
alled IR/UV-mixing [86℄. The diagrams are made nite in the UV by osillatory
fators, but only for nite momentum. For vanishing momenta, the divergenies
reappear, therefore mixing the UV and the IR behavior of the theory. There are
many studies on the renormalization properties of suh theories (see [37, 98℄ for
referenes), but so far the only onsistently renormalizable theory is φ4-theory
with a speial potential term added [54℄.
There are several lines of researh going beyond the anonial ase [19℄. Covari-
ant oordinates and SW-maps an be onstruted for arbitrary Poisson manifolds
[65, 67, 66℄, but the limit to ommutative gauge theory no longer is lear. On
κ-deformed spaetime, it was possible to establish nonommutative gauge the-
ory, the nononstant ommutator of the oordinates leading to derivative valued
gauge elds [33, 34, 35℄. Somewhat loser to our approah, gauge theory on the
Eq(2)-ovariant plane was studied using frames [83℄. More reently, there have
been attempts using oordinate transformations from the anonial ase to more
ompliated algebras [30, 40, 93℄.
4 1 Introdution
The rst part of this thesis will be devoted to expanding nonommutative
gauge theory to more general ⋆-produts and relating it to gauge theory on urved
spaetime.
In hapter 2, we will rst disuss the anonial ase. We introdue the ⋆-
produt usually used in this ase, the Moyal-Weyl ⋆-produt. With this, non-
ommutative gauge theory is formulated in the standard way. As this approah
an only deal with U(N) gauge groups, we introdue Seiberg-Witten maps to
aommodate for general gauge groups. We end this hapter with disussing
nonommutative observables.
In hapter 3, we start with the general denition of ⋆-produts, and show how
they arise out of ordering presriptions of algebras. For a speial ordering, the
Weyl- (or symmetri) ordering, we then alulate the orresponding ⋆-produt
to seond order for general algebras, a result already published in [15℄ together
with Andreas Sykora. Two other ⋆-produts are presented as well, the Jambor-
Sykora ⋆-produt [62℄ and Kontsevih's formality ⋆-produt [71℄. After disussing
integration on suh ⋆-produt algebras, we end with onrete examples.
In hapter 4, we disuss derivatives and derivations on ⋆-produt algebras.
For the anonial ase, the usual derivatives still had the undeformed Leibniz
rule. For general ⋆-produts, this is no longer the ase. The derivatives aquire
a nontrivial oprodut, whih means that their Leibniz rule is deformed. But for
our onstrution of gauge theory we will need objets that still have the usual
Leibniz rule, i.e. derivations of the ⋆-produt algebra. We are able to identify
suh objets by linking them to vetor elds ommuting with the Poisson struture
orresponding to the ⋆-produts. We expliitly onstrut these derivations for the
three ⋆-produts introdued in hapter 4, and end with the ontinuation of the
example from hapter 3.
In hapter 5, we use the derivations to onstrut gauge theory. As the deriva-
tions have the usual Leibniz rule, they an be gauged in full analogy to the
anonial ase, leading to funtion-valued gauge elds and eld strength. As we
want the nonommutative gauge theory to have a meaningful ommutative limit,
we link it to gauge theory on urved spaetime by introduing frames. On the
ommutative side, frames an be introdued to diagonalize the metri. If they
fulll a ompatibility ondition with the Poisson struture of the nonommuta-
tive spae, we an lift them to derivations of the ⋆-produt algebra. Then we use
these derivations to build a nonommutative gauge theory that in the ommu-
tative limit redues to gauge theory on urved spaetime. We give an example
where the spaetime of the ommutative limit is a manifold with onstant urva-
ture. To deal with general gauge groups, we again introdue SW-maps from the
nonommutative to the ommutative quantities. For the Weyl-ordered ⋆-produt,
we alulate the SW-maps for all relevant quantities up to seond order. For the
formality ⋆-produt we are able to onstrut the SW-maps to all orders for abelian
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gauge theory. The results of this hapter (and parts of the preeding hapter)
have already been published in [15℄ together with Andreas Sykora.
In hapter 6, the last hapter on the ⋆-produt approah, we start with notiing
that ovariant oordinates an be dened for any ⋆-produt, and use them to
onstrut nonommutative analogs of Wilson lines. These an then be used to
build nonommutative observables and to extend the onstrution of the inverse
SW-map of [90℄ to general ⋆-produts with nondegenerate Poisson struture. This
has been published in [16℄, again together with Andreas Sykora.
But ⋆-produts aren't the only way to express the nonommutativity (1.1). In
the anonial ase, the algebra of the oordinates is nothing but the well known
Heisenberg algebra, and we an use the reator and annihilator formalism to rep-
resent it. The oordinates then beome innite-dimensional matries ating on a
Fok spae, the derivatives ommutators with the oordinates and integration the
trae over the Fok spae. Gauge transformations are now unitary transforma-
tions, and we again have to gauge the oordinates xi to get ovariant oordinates
X i = xi + Ai. The gauge theory ation
S = c tr ([X i, Xj]− iθij)2 (1.3)
an be expressed entirely in terms of the dynamial matrix variablesX i, reprodu-
ing the nonommutative spae as the ground state, with the utuations forming
the gauge theory. In the anonial ase, this desription is equivalent to the
⋆-produt approah, but it is the better framework to address nonperturbative
questions suh as topologial solutions.
The instanton setor of nonommutative gauge theory is very rih, and many
lassial onstrutions an be reformulated on the nonommutative side. In two
dimensions, all instantons have been lassied [50℄, but in four dimensions the pi-
ture is far more ompliated. There are the generalizations of the two-dimensional
instantons (whih will beome important in this thesis), but there are many
other instantons as well, whih an be found by using a nonommutative ADHM-
onstrution or Nahm's equations (see [37℄ for referenes).
The quantization of the model of ourse is troubled by the same divergenies
as the one onstruted via ⋆-produts, but the exat denition is quite nontrivial
for another reason as well: the theory ontains setors with any rank of the gauge
group U(n) [50℄. To have a well-dened theory and quantization presription, a
regularization of gauge theory on R
d
θ is therefore very desirable.
Lukily, there is a number of ases (in partiular ertain quantized ompat
spaes suh as fuzzy spheres and tori), whih have nite dimensional matrix
representations of size N . In the limit N → ∞, they nevertheless approah
a ommutative spae. Gauge theory on these spaes an be introdued muh
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in the same way as in (1.3), but now the ovariant oordinates Xi are nite-
dimensional Hermitian matries of size N . The onventional gauge theory is then
orretly reprodued in the limit N → ∞. This leads to a natural quantization
presription by simply integrating over these matries, making everything nite
and well dened.
In the 2-dimensional ase, this matrix-model approah to gauge theory has
been studied in onsiderable detail for the fuzzy sphere S2N [74, 21, 96, 57, 22℄ and
the nonommutative torus T2θ [3, 91, 92, 45℄, both on the lassial and quantized
level. It is well-known that R2θ an be obtained as the saling limit of these spaes
S2N and T
2
N at least loally, whih suggests a orrespondene also for the gauge
theories. This orrespondene of gauge theories has been studied in great detail
for the ase of T2θ → R2θ [91, 44, 46℄ on the quantized level, exhibiting the role of
ertain instanton ontributions.
In 4 dimensions, the quantization of gauge theory is more diult, and a
regularization using nite-dimensional matrix models is partiularly important.
The most obvious 4-dimensional spaes suitable for this purpose are T4, S2 × S2
and CP 2. On fuzzy CP 2N [52, 2, 20℄, suh a formulation of gauge theory was given
in [53℄. This an indeed be used to obtain R4θ for the ase of U(2) -invariant θ
ij
.
The ase of R2×S2N as regularization of R4θ with degenerate θij was onsidered in
[103, 104℄, exhibiting a relation with a onventional non-linear sigma model. A
formulation of lattie gauge theory for even-dimensional tori has been disussed
in [5, 4, 45℄. Related fuzzy solutions of the string-theoretial matrix models [58℄
were studied e.g. in [60, 70℄, see also [69℄.
The seond part of this thesis will be devoted to the onstrution of gauge
theory on suh a 4-dimensional fuzzy spae, the produt of two fuzzy spheres
S2N×S2N . Besides introduing fermions as well, we will use this model to regularize
gauge theory in the anonial ase, i.e. on R
4
θ, with a speial interest in the
behavior of the instanton setor.
For this, we will again study the anonial ase in hapter 7, this time using
the matrix-model approah. The oordinates beome annihilation and reation
operators on a Fok spae, and gauge theory an be formulated as an innite-
dimensional matrix model having the spae as its ground state. We explain
why this theory ontains setors for every rank n of the gauge group U(n), and
onstrut the 4-dimensional generalization of the instantons found in [50℄.
In hapter 8, we rst present the fuzzy sphere S2N introdued by John Madore
in [73℄. To go to 4 dimensions, we use the produt of two suh spheres to get to
S2N × S2N , and show how to get to the anonial ase of R4θ in a double saling
limit.
In hapter 9, we give a denition of U(n) gauge theory on fuzzy S2N × S2N .
The ation is a generalization of the approah of [96℄ for fuzzy S2N . It diers from
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similar string-theoretial matrix models [58℄ by adding a onstraint-term, whih
ensures that the vauum solution is stable and desribes the produt of 2 spheres.
The utuations of the ovariant oordinates then orrespond as usual to the
gauge elds, and the ation redues to ordinary Yang-Mills theory on S2 × S2 in
the limit N →∞.
We then disuss some features of the model, in partiular a hidden SO(6)
invariane of the ation whih is broken expliitly by the onstraint. This suggests
some alternative formulations in terms of olletive matries, whih are assembled
from the individual ovariant oordinates. This turns out to be very useful to
onstrut a Dira operator, and may help to eventually study the quantization
of the model expliitly. The stability of the model without onstraint is also
disussed, and we show that the only at diretions of the SO(6) -invariant ation
are utuations of the onstant radial modes of the 2 spheres. The quantization of
the model is dened by a nite integral over the matrix degrees of freedom, whih
is shown to be onvergent due to the onstraint term. We also give a gauge-xed
ation with BRST symmetry.
We also inlude harged fermions in the fundamental representation of the
gauge group, by giving a Dira operator D̂ whih in the large N limit redues
to the ordinary gauged Dira operator on S2 × S2. This Dira operator inherits
the SO(6) symmetry of the embedding spae S2 × S2 ⊂ R6, and exatly anti-
ommutes with a hirality operator. The 4-dimensional physial Dira spinors
are obtained by suitable projetions from 8-dimensional SO(6) spinors. This
projetion however ommutes with D̂ only in the large N limit, and is ahieved
by giving one of the 2 spinors a large mass. Weyl spinors an then be dened
using the exat hirality operator. An alternative version of hirality is given by
dening a Ginsparg-Wilson system.
As a further test of the proposed gauge theory, we study topologially non-
trivial solutions (instantons) on S2N × S2N . We nd in partiular a simple lass
of solutions whih an be interpreted as U(1) instantons with quantized ux,
ombined with a singular, loalized ux tube. They are related to the uxon
solutions of U(1) gauge theory on R4θ [50℄ disussed in hapter 7. Solutions whih
an be interpreted as 2-dimensional spherial branes wrapping one of the two
spheres are also found.
In hapter 10, we then study the relation of the model on S2N × S2N with
Yang-Mills theory on R4θ, and demonstrate that the usual Yang-Mills ation on
R4θ is reovered in the appropriate saling limit. We show in detail how the U(1)
instantons (uxons) on R4θ of hapter 7 arise as limits of the above non-trivial
solutions on S2N × S2N . In partiular, we are able to math the moduli spae of
n uxons, orresponding to their loation on R4θ resp. S
2
N × S2N . We nd in
partiular that even though the eld strength in the bulk vanishes in the limit
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of R4θ, it does ontribute to the ation on S
2
N × S2N with equal weight as the
loalized ux tube. This an be interpreted on R4θ as a topologial or surfae
term at innity. Another unexpeted feature on S2N × S2N is the appearane of
ertain superseletion rules, restriting the possible instanton numbers. In other
words, not all instanton numbers on R
4
θ are reprodued for a given matrix size N ,
however they an be found by onsidering matries of dierent size. This depends
on the preise form of the onstraint term in the ation, whih is hene seen to
imply also ertain topologial onstraints.
Most of the results of the seond part of this thesis have already been published
in [14℄, together with Frank Meyer and Harold Steinaker.
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The use of ⋆-produts made nonommutativity more aessible to physiists,
as they an be applied very intuitively without referene to any strong (and om-
pliated) mathematial bakground. We an still work with ordinary funtions on
ordinary ommutative spae-time, introduing the nonommutativity through the
⋆-produt. The ⋆-produt reprodues the ordinary pointwise produt to zeroth
order in some deformation parameter, the higher orders are dierential operators
ating on the funtions and produe the nonommutativity. Therefore, ⋆-produts
are a very onvenient tool for deforming ommutative theories. The naive pre-
sription for onstruting nonommutative theories would then be to take the
ommutative theory and replae ordinary multipliation by ⋆-multipliation. As
the deformation depends on a parameter, we an get bak the ommutative theory
by letting it go to zero. Corretions to the ommutative theory an be alulated
order by order.
As we will see, this simple presription works surprisingly well in the anonial
ase where the ommutator of two oordinates is a onstant. This is mainly due to
the fat that in this ase the ⋆-produt still behaves very muh like the ommuta-
tive produt with respet to dierentiation and integration. But if we go to more
ompliated strutures, this is no longer the ase. Derivatives aquire a deformed
Leibniz rule and ordinary integration no longer has the trae property. There-
fore, the reipe of just replaing ordinary multipliation with ⋆-multipliation no
longer works. In order to nevertheless onstrut nonommutative gauge theory
on these more ompliated spaes, it will be neessary to rst have a loser look
espeially at the behavior of the derivatives. We will be able to identify objets
that still have an undeformed Leibniz rule (we will all them derivations of the
⋆-produt algebra), using them as building bloks for gauge theory. By linking
them to frames on a urved spaetime, we an also make sense of the measure
funtion we have to introdue in order to make integration yli again.

13
Chapter 2
The anonial ase
Nonommutative gauge theory in the anonial ase, where the ommutator of
two oordinates is a onstant, has been studied extensively in the last few years
(see e.g. [37, 98℄ for reviews), mainly due to its appearane in string theory [95℄. It
would be beyond the sope of this thesis to review all the aspets of this fasinating
eld, so we will have to onentrate on what will be important for going beyond
the anonial ase in the hapters to follow. We will start with the most ommonly
used ⋆-produt for the anonial ase, the Moyal-Weyl ⋆-produt. Only the most
important features of this ⋆-produt will be presented here, but we will ome bak
to it at the beginning of hapter 3 with a more detailed analysis. After a quik
look at ommutative gauge theory, an introdution into how nonommutative
gauge theory an be formulated with the help of this ⋆-produt is given. This
introdution will mainly follow the approah developed here in Munih [78, 64,
63, 18℄ using Seiberg-Witten maps. Finally we will present the nonommutative
observables found in [31, 48, 59℄, as we will be able to generalize them later on in
hapter 6.
2.1 The Moyal-Weyl ⋆-produt
In the anonial ase, the nonommutative oordinates fulll ommutation rela-
tions
[xˆi, xˆj ] = iθij (2.1)
with the onstant nonommutativity parameter θ ∈ R. The nonommutative
algebra generated by the nonommutative oordinates an be represented on the
spae of funtions on Rn by introduing a nonommutative produt, the Moyal-
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1 ⋆-produt [47, 87℄
f ⋆ g = m · e i2θij∂i⊗∂jf ⊗ g = fg + i
2
θij∂if∂jg +O(2), (2.2)
with m · (f ⊗ g) = fg and ∂i = ∂∂xi . The produt is assoiative, as
(f ⋆ g) ⋆ h = m · e i2θkl∂k⊗∂l(m · e i2 θij∂i⊗∂jf ⊗ g)⊗ h (2.3)
= m ·m · e i2 θkl(∂k⊗1⊗∂l+1⊗∂k⊗∂l)e i2θij∂i⊗∂j⊗1f ⊗ g ⊗ h
= m ·m · e i2 θij(∂i⊗1⊗∂j+∂i⊗∂j⊗1)e i2θkl1⊗∂k⊗∂lf ⊗ g ⊗ h
= m · e i2θij∂i⊗∂j (f ⊗ (m · e i2θkl∂k⊗∂lg ⊗ h))
= f ⋆ (g ⋆ h)
and obviously reprodues (2.1). Furthermore, as θ is antisymmetri, usual om-
plex onjugation is still an involution
f ⋆ g = m · e− i2 θij∂i⊗∂jf ⊗ g = g ⋆ f (2.4)
and integration has the trae property∫
dnx f ⋆ g =
∫
dnx g ⋆ f, (2.5)
if the funtions f and g vanish suiently fast at innity (of ourse f ⋆ g has to
be integrable in the rst plae).
Dierentiation on this spae is an inner operation, i.e. we have
iθµν∂ν = [x
µ, · ], (2.6)
whih an easily be alulated from (2.2). This also means that the derivatives
still have the usual Leibniz rule, i.e. we have
∂i(f ⋆ g) = ∂if ⋆ g + f ⋆ ∂ig. (2.7)
2.2 Commutative gauge theory
Let us now reall some properties of a general ommutative gauge theory. A
non-abelian gauge theory is based on a Lie group with Lie algebra
[T a, T b] = i fabcT
c. (2.8)
1
atually, Groenewold-Moyal ⋆-produt would be the more appropriate name, as Groenewold
was the rst to introdue the ⋆-produt in [47℄, but to avoid misunderstandings, we will never-
theless stik to the term usually used in the literature.
2 The anonial ase 15
Matter elds transform under a Lie algebra valued innitesimal parameter
λ = λaT
a
(2.9)
in the fundamental representation as
δλψ = iλψ.
It follows that
(δλδξ − δξδλ)ψ = δi[ξ,λ]ψ. (2.10)
The ommutator of two onseutive innitesimal gauge transformation loses into
an innitesimal gauge transformation. As dierentiation isn't a ovariant oper-
ation, a Lie algebra valued gauge potential ai = aiaT
a
is introdued with the
transformation property
δλai = ∂iλ+ i[λ, ai]. (2.11)
With this the ovariant derivative of a eld is
Diψ = ∂iψ − iaiψ. (2.12)
The eld strength of the gauge potential is dened to be the ommutator of two
ovariant derivatives
fij = i[Di, Dj] = ∂iaj − ∂jai − i[ai, aj ]. (2.13)
For nonabelian gauge theory, the eld strength is not invariant under gauge trans-
formations, but rather transforms ovariantly, i.e.
δλf = i[λ, f ]. (2.14)
The same is true for the Lagrangian density fijf
ij
. In order to get a gauge
invariant ation, we have to use the trae over the representation of the gauge
elds. As the trae is yli, the ommutator with the gauge parameter vanishes
and the ation
S =
∫
dxntrfijf
ij
(2.15)
beomes invariant.
2.3 Nonommutative gauge theory
To do nonommutative gauge theory in the ⋆-produt approah, we an simply
mimi the ommutative onstrution, replaing the ordinary pointwise produt
with the ⋆-produt.
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Fields should now transform as
δΛΨ = iΛ ⋆Ψ. (2.16)
The ommutator of two suh gauge transformations should again be a gauge
transformation, i.e we want
(δΛδΞ − δΞδΛ)Ψ = δi[Ξ⋆,Λ]Ψ, (2.17)
whih is only possible for gauge groups U(N), as for Λ = ΛaT
a
and Ξ = ΞaT
a
the ommutator
[Ξ ⋆, Λ] =
1
2
[Ξa ⋆, Λb]{T a, T b}+ 1
2
{Ξa ⋆, Λb}[T a, T b] (2.18)
will only lose into the Lie algebra for u(N) in the fundamental representation.
But general gauge groups an be implemented by using Seiberg-Witten maps (see
hapter 2.4).
As oordinates do not transform under gauge transformations, multipliation
from the left with oordinates no longer is a ovariant operation, i.e.
δΛ(xi ⋆Ψ) = xi ⋆ Λ ⋆Ψ 6= Λ ⋆ xi ⋆Ψ. (2.19)
This is very muh like the situation in ommutative gauge theory, where ating
with a derivative from the left isn't a ovariant operation. Following the proedure
there, we introdue ovariant oordinates X i by adding a gauge eld Ai as
X i = xi + θijAj . (2.20)
To make the X i ovariant, i.e. δΛX
i = i[Λ ⋆, X i], the gauge eld has to transform
as
δΛ(θ
ijAj) = −i[xi ⋆, Λ] + i[Λ ⋆, θijAj ] (2.21)
and therefore
δΛAi = ∂iΛ + i[Λ ⋆, Ai], (2.22)
in exat analogy to the ommutative ase. The ommutator with the oordinate
produes the derivative on the gauge parameter, as [xi ⋆, f ] = iθij∂jf . More
generally we an introdue a ovariantizer D that applied to a funtion f renders
it ovariant [65℄
δΛ(D(f)) = i[Λ ⋆, D(f)]. (2.23)
We an now go on to formulate nonommutative gauge theory muh in the
same way as we formulated ommutative gauge theory.
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The ovariant derivative Di an be introdued as
DiΨ = ∂iΨ− iAi ⋆Ψ, (2.24)
the eld strength Fij as
Fij = i[Di ⋆, Dj] = ∂iAj − ∂jAi − i[Ai ⋆, Aj ]. (2.25)
The relation to the ovariant oordinates subsists at this level with
−i([X i ⋆, Xj ]− iθij) = θikθjlFkl. (2.26)
For nondegenerate θ, the two desriptions - either at the level of ovariant oor-
dinates or ovariant derivatives - are learly equivalent.
In nonommutative gauge theory, the eld strength F is not gauge invari-
ant, even for gauge group U(1). It rather transforms ovariantly under gauge
transformations, i.e.
δΛ(Fµν ⋆ F
µν) = i[Λ ⋆, Fµν ⋆ F
µν ]. (2.27)
Therefore even Abelian nonommutative gauge theory looks more like nonabelian
gauge theory. But just inserting a trae over the representation of the gauge
group no longer guarantees gauge invariane. To get gauge invariant expressions,
we have to use the trae property of the integral. If we set the ation for non-
ommutative gauge theory as
S =
∫
dnx trFµν ⋆ F
µν , (2.28)
this expression will transform as
δΛS = i
∫
dnx tr [Λ ⋆, Fµν ⋆ F
µν ] = 0, (2.29)
beause the yliity of the integral annihilates the ⋆-part of the ommutator,
and the yliity of the trae annihilates the nonabelian part. This means that
we annot separate the trae over the representation of the gauge group and the
integration as in the ommutative ase, we need both to get a gauge invariant
ation.
2.4 The Seiberg-Witten map
Up to now, we ould only do nonommutative gauge theory for gauge groups U(n)
beause of (2.18). We will now show how to implement general gauge groups by
using Seiberg-Witten maps [95, 64℄.
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As we have seen, the ommutator of two nonommutative gauge transforma-
tions no longer loses into the Lie algebra for general gauge groups. The nonom-
mutative gauge parameter and the nonommutative gauge potential will therefore
have to be enveloping algebra valued. In priniple, this should mean that we are
left with innitely many degrees of freedom. But the enveloping algebra valued
parameters will only depend on their ommutative ounterparts, therefore pre-
serving the right number of degrees of freedom. These Seiberg-Witten maps Λ,
Ψ and A are now funtionals of their lassial ounterparts and additionally of
the gauge potential a.
They will transform as
δλΨψ[a] = iΛλ[a] ⋆Ψψ[a] (2.30)
and
δλAi[a] = ∂iΛλ[a] + i[Λλ[a] ⋆, Ai[a]]. (2.31)
The ovariantizer D[a] will now transform as
δλ(D[a](f)) = i[Λλ[a] ⋆, D[a](f)]. (2.32)
Their dependene on the ommutative elds is given by the requirement that
their nonommutative transformation properties should be indued by the om-
mutative ones (2.9) and (2.11) like
Ψψ[a] + δλΨψ[a] = Ψψ+δλψ[a+ δλa],
Ai[a] + δλAi[a] = Ai[a + δλa], (2.33)
Λλ[a] + δξΛλ[a] = Λλ[a + δξa].
This means that it doesn't matter if we transform the nonommutative elds
under the nonommutative gauge transformations or if we transform the ommu-
tative elds they depend on under ommutative gauge transformations. This is
why we do not dierentiate in our notation between ommutative and nonom-
mutative gauge transformations, using δλ = δΛλ[a]. Additionally, to zeroth order
in the deformation parameter, the nonommutative elds should be equal to their
ommutative ounterparts, i.e.
Ψψ[a] = ψ +O(θ),
Ai[a] = ai +O(θ), (2.34)
Λλ[a] = λ+O(θ).
The SW-maps (Seiberg-Witten maps) an be found order by order in the
deformation parameter. Alternatively they an be alulated via a onsisteny
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ondition. Although the gauge transformations do not have to lose into the
Lie algebra, there is still the requirement that the ommutator of two Seiberg-
Witten gauge transformations (2.30) should again be a Seiberg-Witten gauge
transformation (2.30), i.e.
(δλδξ − δξδλ)Ψ = δi[ξ,λ]Ψ (2.35)
Written out this means that
−iδξΛλ[a] + iδλΛξ[a] + [Λλ[a] ⋆, Λξ[a]] = iΛi[ξ,λ][a]. (2.36)
This onsisteny ondition for the the SW-map of the gauge parameter an be
solved order by order. Then the solutions an be used to alulate the other
SW-maps by inserting them into (2.33) and using (2.34).
There are also methods for onstruting the SW-maps to all orders [65, 66, 90℄,
whih we will disuss later in hapters 5.3 and 6.2, where we extend them to more
ompliated ⋆-produts.
2.5 Observables
One harateristi property of nonommutative gauge theory is the fat that there
are no loal observables. As the gauge group of nonommutative gauge theory
also omprises translations in spae, gauge invariant quantities (suh as observ-
ables) annot be loal elds. But nevertheless observables an be onstruted by
integrating over speial Wilson lines [31, 48, 59℄, whih an be interpreted as the
Fourier transform of a Wilson line with xed momentum. Unlike the ommuta-
tive ase, where losed Wilson lines are gauge invariant, these nonommutative
Wilson lines do not quite lose. The gap between the endpoints is related to the
momentum via the parameter of the nonommutativity. To see this, we will rst
present nite expressions for nonommutative gauge theory.
2.5.1 Finite gauge transformations
In a nite version of a nonommutative gauge theory, a salar eld should trans-
form like
φ′ = g ⋆ φ, (2.37)
where g is a funtion that is invertible with respet to the ⋆-produt
g ⋆ g−1 = g−1 ⋆ g = 1. (2.38)
Again, multipliation with a oordinate funtion is not ovariant any more
(xi ⋆ φ)′ 6= xi ⋆ φ′. (2.39)
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Just as in the innitesimal formulation, ovariant oordinates
X i(x) = xi + θijAj(x) (2.40)
an be introdued, transforming in the adjoint representation
X i′ = g ⋆ X i ⋆ g−1. (2.41)
Now the produt of a ovariant oordinate with a eld is again a eld. In perfet
analogy to the ommutative ase, the gauge eld Ai transforms as
Ai′ = ig ⋆ ∂ig−1 + g ⋆ Ai ⋆ g−1. (2.42)
This nite formulation of nonommutative gauge theory is equivalent to the in-
nitesimal formulation presented before. For details on this equivalene, see [63℄.
2.5.2 Wilson lines
Just think of a eld φ transforming ovariantly under a gauge transformation
with gauge parameter λ = lix
i
. The orresponding nite expression is
φ(x)→ eilixi⋆ ⋆ φ(xk) ⋆ e−ilix
i
⋆ = φ(x
k − ljθjk), (2.43)
i.e. a translation by −ljθjk. This means that nonommutative gauge transfor-
mations in fat ontain translations in spae! The ⋆ subsript on the exponential
means that all the multipliations are done using the ⋆-produt. But it is a spe-
ial property of the Moyal-Weyl ⋆-produt that the ⋆-exponential atually is the
same as the ordinary one, i. e. we have eix
i
⋆ = e
ixi
, whih is why we will drop the
⋆-subsript in the following.
The fat that translations are gauge transformations an be used to onstrut
nonommutative analogs of Wilson lines. Suh a Wilson line
Wl = e
iliXi ⋆ e−ilix
i
(2.44)
has indeed the same transformation properties under a gauge transformation
W ′l (x) = g(x) ⋆ Wl(x) ⋆ g
−1(x− liθij). (2.45)
as a Wilson line starting at x and ending at x − lθ. Here we only treat straight
Wilson lines, but for the anonial ase they an also be generalized to nonom-
mutative Wilson lines with arbitrary paths [59, 31, 48℄.
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2.5.3 Observables
As spae translations are inluded in the nonommutative gauge transformations,
no loal observables an be onstruted. One has to integrate over the whole spae
to get gauge invariant objets. For this it is useful to look at the Fourier transform
of the Wilson lines (2.44)
Wl(k) =
∫
dnxWl(x) ⋆ e
ikixi
(2.46)
Under a gauge transformation, it transforms as
Wl(k)
′ =
∫
dnx g(x) ⋆ Wl(x) ⋆ g
−1(x− liθij) ⋆ eikixi (2.47)
=
∫
dnx g(x) ⋆ Wl(x) ⋆ e
ikixi ⋆ e−ikix
i
⋆ g−1(x− liθij) ⋆ eikixi
=
∫
dnx g(x) ⋆ Wl(x) ⋆ e
ikix
i
⋆ g−1(x− liθij + kiθij).
This means that the so alled open Wilson lines [59, 31, 48℄ dened as
Ul = Wl(l) =
∫
dnxWl(x) ⋆ e
ilixi , (2.48)
are gauge invariant. Here, the momentum k of the Wilson line orresponds to
its length rj = liθ
ij
via the parameter of the nonommutativity, i.e. rj = kiθ
ij
.
Using (2.44), this is of ourse even more obvious
Ul =
∫
dnxWl(x) ⋆ e
ilix
i
=
∫
dnx eiliX
i
⋆ e−ilix
i
⋆ eilix
i
=
∫
dnx eiliX
i
. (2.49)
These open Wilson lines an even be generalized by inserting an arbitrary funtion
f of the ovariant oordinates as∫
d2nx f(X) ⋆ eiliX
i
(2.50)
without spoiling the gauge invariane.
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Chapter 3
General ⋆-produts
We had introdued the Moyal-Weyl ⋆-produt for the anonial ase without
explaining how it an be derived. In order to introdue the notion of ⋆-produts
in general, we will rst have a loser look at the anonial ase again. Suppose
we have a two-dimensional anonial algebra generated by the nonommutative
oordinates x̂ and ŷ with relations
[x̂, ŷ] = −iθ. (3.1)
To represent this algebra on the spae C∞(R2), we will dene an ordering pre-
sription ρ by mapping monomials in the ommutative variables x and y to the
monomials in the nonommutative variables x̂ and ŷ with all the x̂ on the left
hand side and all the ŷ on the right hand side
ρ(xnym) := x̂nŷm. (3.2)
This is alled normal ordering. If we normal order a monomial, we get
ŷmx̂k =
min(m,k)∑
i=0
(iθ)i
i!
m!
(m− i)!
k!
(k − i)! x̂
k−iŷm−i. (3.3)
If we multiply two suh monomials and normal order the result, we therefore get
ρ(xnym)ρ(xkyl) =
min(m,k)∑
i=0
(iθ)i
i!
m!
(m− i)!
k!
(k − i)! x̂
n+k−iŷl+m−i (3.4)
=
min(m,k)∑
i=0
(iθ)i
i!
m!
(m− i)!
k!
(k − i)!ρ(x
n+k−iyl+m−i)
As the vetor spae of the nonommutative polynomials of a ertain degree has
the same dimension as the vetor spae of the ommutative polynomials of the
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same degree, the ordering ρ an be inverted, giving
ρ−1(ρ(xnym)ρ(xkyl)) =
min(m,k)∑
i=0
(iθ)i
i!
m!
(m− i)!
k!
(k − i)!x
n+k−iyl+m−i (3.5)
=
∞∑
i=0
(iθ)i
i!
∂iy(x
nym)∂ix(x
kyl)
= m · eiθ∂y⊗∂x(xnym)⊗ (xkyl)
= (xnym) ⋆n (x
kyl).
Therefore get a new ⋆-produt
f ⋆n g = m · eiθ∂y⊗∂xf ⊗ g = ρ−1(ρ(f)ρ(g)) (3.6)
for the algebra (3.1) by applying the ordering presription ρ on polynomial fun-
tions! Let's ompare it to the Moyal-Weyl ⋆-produt (2.2). For the algebra (3.1)
this read
f ⋆w g = m · e i2 θ(∂y⊗∂x−∂x⊗∂y)f ⊗ g. (3.7)
If we dene a dierential operator
T = e−
i
2
θ∂x∂y , (3.8)
we an alulate
f ⋆w g = m · e i2 θ(∂y⊗∂x−∂x⊗∂y)f ⊗ g (3.9)
= m · e i2 θ(∂y⊗1+1⊗∂y)(∂x⊗1+1⊗∂x) eiθ∂y⊗∂x e− i2θ(∂x∂y⊗∂x∂y)f ⊗ g
= e
i
2
θ∂x∂y((e−
i
2
θ∂x∂yf) ⋆n (e
− i
2
θ∂x∂yg))
= T−1((Tf) ⋆n (Tg))
= T−1ρ−1(ρT (f)ρT (g)).
The two ⋆-produts are related by the dierential operator T , and the Moyal-
Weyl ⋆-produt an be expressed by an ordering presription ρT . The ordering
atually orresponds to symmetri ordering, e.g. we have
ρT (xy) = ρ(e−
i
2
θ∂x∂yxy) = ρ(xy − i
2
θ) = x̂ŷ − i
2
θ (3.10)
= x̂ŷ − 1
2
[x̂, ŷ] =
1
2
(x̂ŷ + ŷx̂).
This method of onstruting ⋆-produts by applying an ordering presription is
not limited to the anonial ase.
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3.1 Denition
But before we have a look at more ompliated ⋆-produts, we will st give an
abstrat denition. For this we will introdue a parameter h (whih we think
of as small) measuring the deformation, and express everything as formal power
series in this parameter.
A ⋆-produt on a manifold M is an assoiative C-linear produt
f ⋆ g = fg +
∞∑
i=1
hiBi(f, g), (3.11)
where the Bi are bidierential operators ating on f, g ǫ C∞(M)[[h]]. From the
assoiativity of the ⋆-produt follows that the ⋆-ommutator fullls the Jaobi
identity, i.e.
[f ⋆, [g ⋆, h]] + [g ⋆, [h ⋆, f ]] + [h ⋆, [f ⋆, g]] = 0. (3.12)
For the antisymmetri part π of the rst order term B1, i.e.
[f ⋆, g] = h π(f, g) +O(2), (3.13)
this means that it has to be a Poisson struture. Expressed in some loal oordi-
nates as π = 1
2
πij∂i ∧ ∂j , this means that it has to fulll
πij∂jπ
kl + πkj∂jπ
li + πlj∂jπ
ik = 0. (3.14)
Therefore for every ⋆-produt, there is a Poisson struture related to it. On the
other hand, if we start with some Poisson struture, we an always onstrut a
orresponding ⋆-produt [71℄, the formality ⋆-produt we will present in hapter
3.4.
3.2 ⋆-produts by operator ordering
We will now show how to onstrut ⋆-produts for assoiative algebras that are
dened by ommutator relations
R : [xˆi, xˆj ] = ihcˆij (3.15)
in the same way as we onstruted the normal ordered ⋆-produt in (3.6). More
abstratly, suh an algebra an be dened as
A = C〈xˆ1, ..., xˆn〉[[h]]/R, (3.16)
where we allow formal power series in the deformation parameter h. As we treat
h as a formal parameter, suh an algebra always has the Poinare-Birko-Witt
26 3 General ⋆-produts
property, i.e. the vetor spae of the nonommutative polynomials of a ertain
degree has the same dimension as if the oordinates were ommutative. Espeially
this means that we an map the basis of the ommutative algebra C[x1, ..., xn][[h]]
onto a basis of the nonommutative algebra A. Suh an ordering presription
ρ : C[x1, ..., xn][[h]]→ C〈xˆ1, ..., xˆn〉[[h]]/R (3.17)
is then an isomorphism of vetor spaes. With it, we an introdue a ⋆-produt
as
f ⋆ g = ρ−1(ρ(f)ρ(g)), (3.18)
making the ommutative algebra equipped with the ⋆-produt isomorphi to the
nonommutative algebra A. Two ordering presriptions ρ and ρ′ of the same
algebra are always related by a similarity transformation T as ρ = ρ′T with
T = id+
∞∑
i=1
hiTi, (3.19)
where the Ti are dierential operators. The orresponding ⋆-produts ⋆ and ⋆
′
are then related by
f ⋆ g = ρ−1(ρ(f)ρ(g)) = T−1ρ′−1(ρ′(Tf)Tρ′(Tg)) = T−1((Tf) ⋆′ (Tg)). (3.20)
3.3 The Weyl-ordered ⋆-produt
In this hapter we will onstrut the Weyl-ordered ⋆-produt of a general nonom-
mutative algebra up to seond order. Weyl-ordering means that we use totally
symmetri ordering for the generators. We start with an algebra generated by N
elements xˆi and relations
[xˆi, xˆj ] = cˆij(xˆ), (3.21)
where we have suppressed the expliit dependene of ĉ on a formal deformation
parameter, but we will always assume that it is at least of order 1. For suh an
algebra we will alulate a ⋆-produt up to seond order. Let
f(p) =
∫
dnx f(x)eipix
i
(3.22)
be the Fourier transform of f . Then the Weyl ordered operator assoiated to f
is dened by
W (f) =
∫
dnp
(2π)n
f(p)e−ipixˆ
i
(3.23)
3 General ⋆-produts 27
(see e. g. [78℄) . Every monomial of oordinate funtions is mapped to the
orresponding Weyl ordered monomial of the algebra. We note that
W (eiqix
i
) = eiqixˆ
i
. (3.24)
The Weyl ordered ⋆-produt is dened by the equation
W (f ⋆ g) = W (f)W (g). (3.25)
If we insert the Fourier transforms of f and g we get
f ⋆ g =
∫
dnk
(2π)n
∫
dnp
(2π)n
f(k)g(p)W−1(e−ikixˆ
i
e−ipixˆ
i
). (3.26)
We are therefore able to write down the ⋆-produt of the two funtions if we know
the form of the last expression. For this we expand it in terms of ommutators.
We use
eAˆeBˆ = eAˆ+BˆR(Aˆ, Bˆ) (3.27)
with
R(Aˆ, Bˆ) = 1 +
1
2
[Aˆ, Bˆ] (3.28)
− 1
6
[Aˆ+ 2Bˆ, [Aˆ, Bˆ]] +
1
8
[Aˆ, Bˆ][Aˆ, Bˆ] +O(3).
If we set Aˆ = −ikixˆi and Bˆ = −ipixˆi, the above-mentioned expression beomes
W−1(e−ikixˆ
i
e−ipixˆ
i
) = (3.29)
e−i(ki+pi)x
i
+
1
2
(−iki)(−ipj)W−1(e−i(ki+pi)xˆi[xˆi, xˆj ])
−1
6
(−i)(km + 2pm)(−iki)(−ipj)W−1(e−i(ki+pi)xˆi [xˆm, [xˆi, xˆj ]])
+
1
8
(−ikm)(−ipn)(−iki)(−ipj)W−1(e−i(ki+pi)xˆi [xˆm, xˆn][xˆi, xˆj])
+O(3).
If we assume that the ommutators of the generators are written in Weyl ordered
form
cˆij = W (cij), (3.30)
we see that
[xˆm, [xˆi, xˆj]] = W (cml∂lc
ij) +O(3), (3.31)
[xˆm, xˆn][xˆi, xˆj ] = W (cmncij) +O(3). (3.32)
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Further we an derive
W−1(e−iqixˆ
i
W (f(x))) = W−1
(∫ dnp
(2π)n
f(p)e−i(qi+pi)xˆ
i
R(−iqixˆi,−ipixˆi)
)
= W−1
(
W
(∫ ∫ dnp
(2π)n
f(p)e−i(qi+pi)x
i × (3.33)
(1 +
1
2
(−ipi)(−iqj)[xi, xj ])
))
+O(2)
= e−iqix
i
f(x) +
1
2
e−iqix
i
(−iqi)cij∂jf(x) +O(2),
using
∂jf(x) =
∫
dnp
(2π)n
f(p)(−ipj)e−ipixi .
Putting all this together yields
W−1(e−ikixˆ
i
e−ipixˆ
i
) = e−i(ki+pi)x
i
(
1 +
1
2
cij(−iki)(−ipj) (3.34)
+
1
8
cmncij(−ikm)(−ipn)(−iki)(−ipj)
+
1
12
cml∂lc
ij(−i)(km − pm)(−iki)(−ipj)
)
+ O(3),
and we an write down the Weyl ordered ⋆-produt up to seond order for an
arbitrary algebra
f ⋆ g = fg +
1
2
cij∂if∂jg (3.35)
+
1
8
cmncij∂m∂if∂n∂jg
+
1
12
cml∂lc
ij(∂m∂if∂jg − ∂if∂m∂jg) +O(3).
Let us ollet some properties of the just alulated ⋆-produt. First
[xi ⋆, xj ] = cij (3.36)
is the Weyl ordered ommutator of the algebra. Further, if there is a onjugation
on the algebra and if we assume that the nonommutative oordinates are real
xˆi = xˆi, then the Weyl ordered monomials are real, too. This is also true for the
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monomials of the ommutative oordinate funtions. Therefore this ⋆-produt
respets the ordinary omplex onjugation
f ⋆ g = g ⋆ f. (3.37)
On the level of the Poisson tensor this means
cij = −cij . (3.38)
3.4 The formality ⋆-produt
The Weyl-ordered ⋆-produt of hapter (3.3) is very useful for expliit alulations,
but these an only be done in a perturbative way order by order. Also, it is
only known in general up to the seond order we alulated here. For losed
expressions and questions of existene, Kontsevih's formality ⋆-produt [71℄ is
the better hoie. It is known to all orders and omes with a strong mathematial
framework that an be used for further onstrutions.
This mathematial framework, known as Kontsevih's formality map [71℄, is a
very useful tool for studying the relations between Poisson tensors and ⋆-produts.
To make use of the formality map we rst want to reall some denitions. A
polyvetor eld is a skew-symmetri tensor in the sense of dierential geometry.
Every n-polyvetor eld α may loally be written as
α = αi1...in ∂i1 ∧ . . . ∧ ∂in . (3.39)
We see that the spae of polyvetor elds an be endowed with a grading n. For
polyvetor elds there is a grading respeting braket that in a natural way gener-
alizes the Lie braket [ · , · ]L of two vetor elds, the Shouten-Nijenhuis braket.
For an exat denition see A.1.1. If π is a Poisson tensor, the Hamiltonian vetor
eld Hf for a funtion f is
Hf = [π, f ]S = −πij∂if∂j . (3.40)
Note that [π, π]S = 0 is the Jaobi identity of a Poisson tensor.
On the other hand a n-polydierential operator is a multilinear map that
maps n funtions to a funtion. For example, we may write a 1-polydierential
operator D as
D(f) = D0f +D
i
1∂if +D
ij
2 ∂i∂jf + . . . . (3.41)
The ordinary multipliation · is a 2-dierential operator. It maps two funtions
to one funtion. Again the number n is a grading on the spae of polydierential
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operators. Now the Gerstenhaber braket [ · , · ]G is natural and respets the
grading. For an exat denition see A.1.2.
The formality map is a olletion of skew-symmetri multilinear maps Un,
n = 0, 1, . . ., that maps n polyvetor elds to a m-dierential operator. To
be more spei let α1, . . . , αn be polyvetor elds of grade k1, . . . , kn. Then
Un(α1, . . . , αn) is a polydierential operator of grade
m = 2− 2n+
∑
i
ki. (3.42)
In partiular the map U1 is a map from a k-vetoreld to a k-dierential operator.
It is dened by
U1(α
i1...in∂i1 ∧ . . . ∧ ∂in)(f1, . . . , fn) = αi1...in∂i1f1 · . . . · ∂infn. (3.43)
The formality maps Un fulll the formality ondition [71, 7℄
Q′1Un(α1, . . . , αn) +
1
2
∑
I⊔J={1,...,n}
I,J 6=∅
ǫ(I, J)Q′2(U|I|(αI), U|J |(αJ)) (3.44)
=
1
2
∑
i 6=j
ǫ(i, j, . . . , iˆ, . . . , jˆ, . . . , n)Un−1(Q2(αi, αj), α1, . . . , α̂i, . . . , α̂j, . . . , αn).
The hats stand for omitted symbols, Q′1(Υ) = [Υ, µ] with µ being ordi-
nary multipliation and Q′2(Υ1,Υ2) = (−1)(|Υ1|−1)|Υ2|[Υ1,Υ2]G with |Υs| being
the degree of the polydierential operator Υs, i.e. the number of funtions it
is ating on. For polyvetorelds α
i1...iks
s ∂i1 ∧ . . . ∧ ∂iks of degree ks we have
Q2(α1, α2) = −(−1)(k1−1)k2 [α2, α1]S.
For a bivetoreld π we an now dene a bidierential operator
⋆ =
∞∑
n=0
1
n!
Un(π, . . . , π) (3.45)
i.e.
f ⋆ g =
∞∑
n=0
1
n!
Un(π, . . . , π)(f, g). (3.46)
To see that the formality ⋆-produt is assoiative, we rst dene the speial map
Φ(α) =
∞∑
n=1
1
(n− 1)!Un(α, π, . . . , π). (3.47)
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Using the formality ondition (3.44) we alulate that
[⋆, ⋆]G = Φ([π, π]S), (3.48)
where [⋆, ⋆]G = 0 means that the ⋆-produt is assoiative. This follows from the
fat that π is a Poisson tensor, i.e [π π]S = 0. Note that the denition (3.46) would
be equally valid for general bivetor elds π′, but the resulting produt would
ease to be assoiative. Nevertheless the non-assoiativity would be ontrolled by
(3.48).
3.5 The Jambor-Sykora ⋆-produt
The formality ⋆-produt of the last hapter is very useful for abstrat proofs (and
in fat we will use it for onstruting a SW-map to all orders in hapter 5.3, but
it is too ompliated for expliit alulations. But for speial ases where the
Poisson struture an be expressed in terms of ommuting vetor elds, there is
a ⋆-produt that is both known to all orders and easy to handle in alulations,
the Jambor-Sykora ⋆-produt [62℄. For ommuting vetorelds Xa = X
i
a∂i (i.e.
[Xa, Xb] = 0) and a onstant matrix σ the Jambor-Sykora ⋆-produt reads
f ⋆σ g = m · eσabXa⊗Xbf ⊗ g, (3.49)
where m·(f⊗g) = fg. The onstant matrix σ an be written as σ = σas+σs with
σas antisymmetri and σs symmetri. There is an equivalene transformation
ρ = e
1
2
σabs XaXb
(3.50)
from the antisymmetri ⋆-produt
f ⋆as g = m · eσabasXa⊗Xbf ⊗ g (3.51)
to the full one (3.49)
f ⋆as g = ρ
−1(ρ(f) ⋆σ ρ(g)). (3.52)
Note that for real vetorelds Xa and σas imaginary, ordinary omplex onjuga-
tion is an involution of the antisymmetri ⋆-produt, i.e.
f ⋆as g = g ⋆as f. (3.53)
For the full ⋆-produt we an pull bak this property by ρ and the involution now
is ρρ−1. On a funtion f this reads ρ(ρ−1(f)), and we have
ρ(ρ−1(f ⋆σ g)) = ρ(ρ−1f ⋆as ρ−1g) (3.54)
= ρ(ρ−1g ⋆as ρ−1f)
= ρ(ρ−1g) ⋆σ ρ(ρ−1f).
32 3 General ⋆-produts
3.6 Traes
For the Moyal-Weyl ⋆-produt, ordinary integration still had the trae property,
i.e. it was invariant under yli permutations of the elements in the integrand.
Unlukily, this is in general no longer the ase for the more ompliated ⋆-produts
of this hapter. But the yliity of integration is ruial for turning gauge-
ovariant objets into gauge invariant ones. Therefore, we have to guarantee the
trae property of the integral by introduing a measure funtion Ω. For many
⋆-produts the trae may then be written as
tr f =
∫
d2nxΩ(x) f(x). (3.55)
Due to the yliity of the trae the measure funtion Ω has to fulll
∂i(Ωθ
ij) = 0 (3.56)
whih an easily be seen by using partial integration. If we take the Poisson
struture θij to be invertible, the inverse of the Pfaan
1
Ω
= Pf(θ) =
√
det(θ) =
1
2nn!
ǫi1i2···i2nθ
i1i2 · · · θi2n−1i2n (3.57)
is a solution to this equation. Unlukily, there is no suh formula for ⋆-produts
whose Poisson strutures are not invertible.
If equation (3.56) is fullled, yliity is only guaranteed to rst order. In
priniple we have to alulate higher orders of Ω aording to the ⋆-produt
hosen. Nevertheless there an always be found a ⋆-produt so that a measure
funtion fullling (3.56) guarantees yliity to all orders [38℄.
3.7 Example: ⋆-produts for the κ-deformed plane
We will exemplify the ideas of the last hapter by applying them to the algebra
generated by x and y with ommutation relations
[x, y] = −iax. (3.58)
This is the 2-dimensional version of what is known as κ-deformed spaetime. The
generalization to higher dimensions is straightforward.
3.7.1 The Weyl-ordered ⋆-produt
The Poisson struture for this algebra quite obviously is
{f, g}p = −iax∂xf∂yg + ia∂yfx∂xg, (3.59)
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and the Poisson tensor therefore
cij = −iaxδixδjy + iaxδiyδjx. (3.60)
As cij is linear in the oordinates, the Weyl-ordering of the expression doesn't
play a role. Inserting (3.60) into (3.35) produes the Weyl-ordered ⋆-produt up
to seond order for (3.58)
f ⋆ g = fg − ia
2
x(∂xf∂yg − ∂yf∂xg) (3.61)
−a
2
8
x2(∂2xf∂
2
yg − 2∂x∂yf∂x∂yg + ∂2yf∂2xg)
+
a2
12
x(∂x∂yf∂yg + ∂yf∂x∂yg − ∂xf∂2yg − ∂2yf∂xg) +O(3).
3.7.2 The Jambor-Sykora ⋆-produt
If we hoose vetorelds
X1 = x∂x and X2 = −a∂y (3.62)
and σ =
(
0 i
0 0
)
(see also [62℄), the Jambor-Sykora ⋆-produt (3.49) will re-
produe the algebra (3.58). This ⋆-produt orresponds to normal ordering. It
reads
f ⋆σ g = m · e−ia x∂x⊗∂yf ⊗ g, (3.63)
while the antisymmetri ⋆-produt (3.51) reads
f ⋆as g = m · e− ia2 x∂x⊗∂y+ ia2 ∂y⊗x∂xf ⊗ g. (3.64)
Notie that the antisymmetri ⋆-produt diers (3.64) from the Weyl-ordered ⋆-
produt (3.61) at seond order and therefore does not orrespond to symmetri
ordering. The equivalene transformation (3.52) between (3.63) and (3.64) is
ρ = e−
i
2
ax∂x∂y . (3.65)
34 3 General ⋆-produts
35
Chapter 4
Derivatives and Derivations
We are now able to represent more ompliated algebras on ordinary funtions
by using the ⋆-produts of the last hapter. But there is an important element
still missing: derivatives. In the anonial ase, we ould just use the ordinary
derivatives to onstrut nonommutative ations. This was unproblemati as the
usual derivatives had an undeformed Leibniz rule, i.e.
∂i(f ⋆ g) = ∂if ⋆ g + f ⋆ ∂ig. (4.1)
But with more ompliated ⋆-produts, this is in general no longer the ase. The
derivatives do not only at on the funtions, but also on the ⋆-produt, whih
now depends on the oordinates. Symbolially we an write
∂i(f ⋆ g) = ∂if ⋆ g + f ⋆ ∂ig + f(∂i⋆)g, (4.2)
where ∂i⋆ means that the derivative is ating on the bidierential operator ⋆
represents. This additional term an already be seen at the level of the Poisson
struture. Take e.g. the Poisson struture (3.59) of the κ-deformed plane. The
derivative ∂y in the y-diretion does not at on it, so that we still have
∂y{f, g}p = {∂yf, g}p + {f, ∂yg}p, (4.3)
but in the x-diretion, things are dierent:
∂x{f, g}p = ∂x(−iax∂xf∂yg+ ia∂yfx∂xg) = {∂xf, g}p+{f, ∂xg}p+ {f, g}p
x
(4.4)
for x 6= 0. The same is true for derivatives ating on ⋆-produts: the usual Leibniz
rule is deformed. For the antisymmetri ⋆-produt on the κ-deformed plane, this
deformed Leibniz rule reads
∂x(f ⋆as g) = (∂xf) ⋆as (e
− i
2
a∂yg) + (e
i
2
a∂yf) ⋆as (∂xg), (4.5)
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see (4.36). Suh derivatives with a deformed Leibniz rule an nevertheless be
used to onstrut gauge theory [34, 33, 35℄, but it is far more involved than in the
anonial ase. Espeially, the gauge elds assoiated to these derivatives beome
derivative valued (see also hapter 5.1.1).
Here, we will pursue a dierent approah. As we saw in (4.3), the derivative
in the y-diretion did at on the Poisson struture as in the anonial ase. And
on the antisymmetri ⋆-produt, its Leibniz rule is indeed undeformed, i.e
∂y(f ⋆as g) = (∂yf) ⋆as g + f ⋆as (∂yg), (4.6)
see (4.35). Suh a derivative an be gauged muh in the same way as in the
anonial ase, leading to funtion valued gauge elds. But before we atually
onstrut gauge theory in hapter (5), we will rst have a loser look at objets
that behave like ∂y did in our example, i.e we will be looking for vetor elds
that ommute with the Poisson struture and how we an use them to get dif-
ferential operators that have an undeformed Leibniz rule with the orresponding
⋆-produt. These dierential operators with an undeformed Leibniz rule we will
all derivations of the ⋆-produt algebra.
4.1 Derivations
We will be able to identify derivations of ⋆-produt algebras with what we all
Poisson vetor elds of the Poisson struture assoiated with the ⋆-produt, i.e.
vetor elds X with
X{f, g}p = {Xf, g}p + {f,Xg}p. (4.7)
If we loally write
{f, g}p = π(f, g) = πij∂if∂jg and X = X i∂i, (4.8)
this is equivalent to saying that the Shouten-Nijenhuis braket (see A.1.1) of the
vetor eld X with the Poisson struture π vanishes
[X, π]S = 0 ⇔ Xk∂kπij − πik∂kXj + πjk∂kX i, (4.9)
or that the vetor eld X ommutes with the Poisson struture π. If we have
suh a Poisson vetor eld X , we are looking for a dierential operator δX with
the following property
δX(f ⋆ g) = δXf ⋆ g + f ⋆ δXg. (4.10)
Suh a map δ from the vetorelds to the dierential operators, whih maps
the derivations of the Poisson manifold TπM = {X ∈ TM |[X, π]S = 0} to the
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derivations of the ⋆-produt D⋆M = {δ ∈ Dpoly|[δ, ⋆]G = 0}, an be onstruted
both for the Weyl ordered ⋆-produt (see 4.2), for the formality ⋆-produt (see
4.3 ) and the Jambor-Sykora ⋆-produt (see 4.4). Here we want to investigate
the general properties of suh a map δ. For this we expand it on a loal path in
terms of partial derivatives
δX = δ
i
X∂i + δ
ij
X∂i∂j + · · · . (4.11)
Due to its property to be a derivation, δX is ompletely determined by the rst
term δiX∂i. This means that if the rst term is zero, the other terms have to
vanish, too. If further e is an arbitrary derivation of the ⋆-produt, there must
exist a vetor eld Xe suh that
δXe = e. (4.12)
If X, Y ∈ TπM , then [δX , δY ] is again a derivation of the ⋆-produt and we an
onlude that
[δX , δY ] = δ[X,Y ]⋆ , (4.13)
where [X, Y ]⋆ is a deformation of the ordinary Lie braket of vetor elds. Obvi-
ously it is linear, skew-symmetri and fullls the Jaobi identity.
With the help of the map δ and the deformed braket [ · , · ]⋆ it is also possible
to onstrut nonommutative forms over the derivations of the ⋆-produt algebra,
a formulation we will present in appendix A.2.
4.2 Derivations for the Weyl-ordered ⋆-produt
We now want to alulate the derivations δX of the Weyl-ordered ⋆-produt (3.35)
from the derivationsX of the Poisson struture cij up to seond order. We assume
that δX an be expanded in the following way
δX = X
i∂i + δ
ij
X∂i∂j + δ
ijk
X ∂i∂j∂k + · · · . (4.14)
Expanding the equation
δX(f ⋆ g) = δX(f) ⋆ g + f ⋆ δX(g) (4.15)
order by order and using [X, c]S = 0 we nd that
δX = X
i∂i − 1
12
clk∂kc
im∂l∂mX
j∂i∂j (4.16)
+
1
24
clkcim∂l∂iX
j∂k∂m∂j +O(3).
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For [ · , · ]⋆ we simply alulate [δX , δY ] and get
[X, Y ]⋆ = [X, Y ]L (4.17)
− 1
12
(clk∂kc
im∂l∂mX
j∂i∂jY
n − clk∂kcim∂l∂mY j∂i∂jXn)∂n
+
1
24
(clkcim∂l∂iX
j∂k∂m∂jY
n − clkcim∂l∂iY j∂k∂m∂jXn)∂n
+O(3).
4.3 Derivations for the formality ⋆-produt
We saw in hapter 3.4 that the formality ⋆-produt an be onstruted from the
maps Un from the polyvetorelds to the polydierential operators as
f ⋆ g =
∞∑
n=0
1
n!
Un(π, . . . , π)(f, g). (4.18)
With these maps, we an further dene the speial polydierential operators
Φ(α) =
∞∑
n=1
1
(n− 1)!Un(α, π, . . . , π), (4.19)
Ψ(α1, α2) =
∞∑
n=2
1
(n− 2)!Un(α1, α2, π, . . . , π). (4.20)
For X a vetoreld, we dene
δX = Φ(X). (4.21)
Using formula (3.42) we see that it is indeed a 1-dierential operator. We will
now use the formality ondition (3.44) to have a loser look at its properties.
For g a funtion and X and Y vetorelds, we see that Ψ(X, Y ) is a funtion
and we go on to alulate
[δX , ⋆]G = Φ([X, π]S), (4.22)
[δX , δY ]G + [Ψ(X, Y ), ⋆]G = δ[X,Y ]S (4.23)
+Ψ([π, Y ]S, X)−Ψ([π,X ]S, Y ).
If π is a Poisson tensor, i. e. [π, π]S = 0 and if X and Y are Poisson vetor elds,
i. e. [X, π]S = [Y, π]S = 0, the relations (4.22) and (4.23) beome
δX(f ⋆ g) = δX(f) ⋆ g + f ⋆ δX(g), (4.24)
([δX , δY ]− δ[X,Y ]L)(g) = [Ψ(X, Y ) ⋆, g]. (4.25)
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when evaluated on funtions. We see that δ really is the map we were looking for,
i.e. it maps derivations of the Poisson struture to derivations of the assoiated
formality ⋆-produt.
Additionally the map δ preserves the braket up to an inner derivation. This
an be ast into the following form:
[δX , δY ] = δ[X,Y ]⋆ (4.26)
with
[X, Y ]⋆ = [X, Y ]L +HΦ−1Ψ(X,Y ). (4.27)
4.4 Derivations for the Jambor-Sykora ⋆-produt
While looking for derivatives for the Jambor-Sykora ⋆-produts, we an onne
ourselves to the antisymmetri ase (3.51), as all the properties an be pulled
bak to the full one (3.49) via the equivalene transformation (3.52).
In the framework of Kontsevih's formality ⋆-produt, we saw that we ould
onstrut a map from the vetorelds to the dierential operators that maps
derivations of the Poisson struture to derivations of the formality ⋆-produt to
all orders.
We will now look for suh a map that maps derivations of the Poisson struture
π =
1
2
σabasX
i
a∂i ∧Xjb∂j (4.28)
assoiated with the Jambor-Sykora ⋆-produt to derivations of the antisymmetri
Jambor-Sykora ⋆-produt (3.51). As the vetorelds Xa ommute with eah other
and σas is antisymmetri, (3.51) an be rewritten in terms of the Poisson struture
as
f ⋆as g = m(e
σabasX
i
a∂i⊗Xjb∂j (f ⊗ g)) = m(eπ(f ⊗ g)). (4.29)
In this notation it is obvious that vetorelds ommuting with the Poisson stru-
ture (4.28) will be derivations of the ⋆-produt (4.29) as well. This means that
for vetorelds Y with
[Y, π]S = 0 ⇔ [Y ⊗ 1 + 1⊗ Y, π] = 0 ⇔ Y {f, g}P = {Y f, g}P + {f, Y g}P
we also have
Y (f ⋆as g) = m((Y ⊗ 1 + 1⊗ Y )eπ(f ⊗ g)) (4.30)
= m(eπ(Y ⊗ 1 + 1⊗ Y )(f ⊗ g))
= Y f ⋆as g + f ⋆as Y g.
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We therefore do not get higher order terms, the map from the vetorelds to the
dierential operators is the inlusion. This also implies that the algebra of the
vetorelds remains undeformed under quantization.
For the oprodut of general vetorelds ating on the ⋆-produt (3.51), we
get a deformed Leibniz rule
X(f ⋆as g) = (4.31)
∞∑
n=0
1
n!
σa1a2as ...σ
anbn
as ([...[X,Xa1 ], Xa2 ], ...], Xan ]f) ⋆as (Xb1 ...Xbng)
+
∞∑
n=0
1
n!
σa1a2as ...σ
anbn
as (Xa1 ...Xanf) ⋆as ([...[X,Xb1 ], Xb2], ...], Xbn ]g).
We an use the equivalene transformation (3.50) to pull bak these strutures
to the full ⋆-produt (3.49). Note that the Poisson struture of the full ⋆-produt
(3.49) only depends on the antisymmetri part of σ and therefore is (4.28), the
same as for the antisymmetri ⋆-produt (3.51).
A vetoreld Y ommuting with the Poisson struture of the full ⋆-produt
(3.49) will be a derivation of the antisymmetri ⋆-produt (3.51). We use (3.52)
to get
ρY ρ−1(f ⋆σ g) = (ρY ρ−1f) ⋆σ g + f ⋆σ (ρY ρ−1g) (4.32)
from
Y (f ⋆as g) = Y f ⋆as g + f ⋆as Y g. (4.33)
The map δX from the vetorelds to the dierential operators for the full ⋆-
produt (3.49) is therefore given by
δX = ρXρ
−1. (4.34)
The algebra of these deformed vetorelds is isomorphi to the algebra of the
undeformed vetorelds. Also the oalgebra of the deformed vetorelds with re-
spet to the full ⋆-produt (3.49) is isomorphi to the oalgebra of the undeformed
vetorelds with respet to the antisymmetri ⋆-produt (3.51).
4.5 Example: Derivatives and Derivations for the
κ-deformed plane
We will now exemplify the ideas of this hapter by applying them to the κ-
deformed plane we already studied in hapter 3.7. We will now onentrate on
the Jambor-Sykora ⋆-produts, where the basi mehanisms at work an be best
seen.
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4.5.1 The antisymmetri ase
For the antisymmetri ⋆-produt (3.64), the vetorelds are undeformed, but they
may aquire nontrivial oproduts (4.31). The derivative in the y-diretion om-
mutes with the Poisson struture and is therefore a derivation of the ⋆-produt:
∂y(f ⋆as g) = (∂yf) ⋆as g + f ⋆as (∂yg). (4.35)
But the derivative in the x-diretion does not ommute with the Poisson struture
and has a deformed Leibniz rule:
∂x(f ⋆as g) = (∂xf) ⋆as (e
− i
2
a∂yg) + (e
i
2
a∂yf) ⋆as (∂xg). (4.36)
Multipliation from the left with a funtion (without ⋆-multipliation) also a-
quires a derivative quality:
y(f ⋆as g) = (yf) ⋆as g − i
2
af ⋆as (x∂xg) (4.37)
= f ⋆as (yg) +
i
2
a(x∂xf) ⋆as g
and
x(f ⋆as g) = (xf) ⋆as (e
i
2
a∂yg) (4.38)
= (e−
i
2
a∂yf) ⋆as (xg).
This also implies the following relations
(xf) ⋆as g = (e
− i
2
a∂yf) ⋆as (xe
− i
2
a∂yg) (4.39)
and
(yf) ⋆as g = f ⋆as (yg) +
i
2
ax∂x(f ⋆as g). (4.40)
If we ombine (4.36) and (4.38) to alulate the oprodut of x∂x, we see that it
is indeed a derivation of the ⋆-produt, as expeted.
x∂x(f ⋆as g) = (x∂xf) ⋆as g + f ⋆as (x∂xg) (4.41)
For the other vetorelds linear in the oordinates we get
x∂y(f ⋆as g) = (x∂yf) ⋆as (e
i
2
a∂yg) + (e−
i
2
a∂yf) ⋆as (x∂yg), (4.42)
y∂y(f ⋆as g) = (y∂yf) ⋆as g + f ⋆as (y∂yg) (4.43)
− i
2
a(∂yf) ⋆as (x∂xg) +
i
2
a(x∂xf) ⋆as (∂yg)
and
y∂x(f ⋆as g) = (y∂xf) ⋆as (e
− i
2
a∂yg) + (e
i
2
a∂yf) ⋆as (y∂xg) (4.44)
− i
2
a(∂xf) ⋆as (x∂xe
− i
2
a∂yg) +
i
2
a(x∂xe
i
2
a∂yf) ⋆as (∂xg).
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4.5.2 The normal ordered ase
Of ourse we an swith to the ⋆-produt (3.63) orresponding to normal ordering
by using the transformation (3.65)
ρ = e−
i
2
ax∂x∂y . (4.45)
The vetorelds are then mapped to the dierential operators by applying (4.34).
For the oordinates we get
δy = ρyρ
−1 = y − i
2
ax∂x and δx = ρxρ
−1 = xe−
i
2
a∂y , (4.46)
revealing the derivative nature of multipliation of oordinates from the left. The
derivative in the y-diretion stays undeformed
δ∂y = ρ∂yρ
−1 = ∂y, (4.47)
the derivative in the x-diretion beomes
δ∂x = ρ∂xρ
−1 = e
i
2
a∂y∂x. (4.48)
We an ombine (4.46) and (4.48) to give
δx∂x = ρx∂xρ
−1 = ρxρ−1ρ∂xρ−1 = x∂x. (4.49)
Note that the deformation δ ats trivially on x∂x, as it does ommute with ρ. For
the other vetorelds linear in the oordinates we get from (4.46,4.47,4.48)
δx∂y = x∂ye
− i
2
a∂y ,
δy∂y = y∂y −
i
2
ax∂x∂y, (4.50)
δy∂x = y∂xe
i
2
a∂y − i
2
ax∂2xe
i
2
a∂y .
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Chapter 5
Gauge theory on urved NC spaes
One hope assoiated with the appliation of nonommutative geometry in physis
is a better desription of quantized gravity. At least it should be possible to
onstrut eetive ations where traes of this unknown theory remain. If one
believes that quantum gravity is in a sense a quantum eld theory, then its ob-
servables are operators on a Hilbert spae and therefore elements of an algebra.
Some properties of this algebra should be reeted in the nonommutative geom-
etry the eetive ations are onstruted on. As the nonommutativity should
be indued by bakground gravitational elds, the lassial limit of the eetive
ations should redue to ations on urved spaetimes [75, 29℄.
In the anonial ase, the gauge theory redues in the ommutative limit to a
theory on at spaetime. Therefore it is neessary to develop onepts working
with more general algebras, sine one would expet that urved bakgrounds
are related to algebras with nononstant ommutation relations. We will use
the derivations of ⋆-produt algebras we studied in hapter 4 to build ovariant
derivatives for nonommutative gauge theory. We will be able to write down a
nonommutative ation by linking these derivations to a frame eld indued by a
nononstant metri. In the ommutative limit, this ation redues to gauge theory
on a urved manifold. As an example we will again study κ-deformed spaetime,
where the ation redues in the ommutative limit to salar eletrodynamis on
a manifold with onstant urvature.
We will also introdue Seiberg-Witten maps to do nonommutative gauge
theory with arbitrary gauge groups. A proof of the existene of the Seiberg-
Witten-map for an Abelian gauge potential will be given for the formality ⋆-
produt. We will also give expliit formulas for the Weyl ordered ⋆-produt up
to seond order.
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5.1 The general formalism
5.1.1 Nonommutative gauge theory
To do gauge theory on the nonommutative spaes equipped with the more om-
pliated ⋆-produts of hapter 3, we will try to follow the formalism of the anon-
ial ase as muh as possible.
Fields in the fundamental representation will again transform as
δΛΨ = iΛ ⋆Ψ. (5.1)
The ommutator of two suh gauge transformations should again be a gauge
transformation, i.e we again want
(δΛδΞ − δΞδΛ)Ψ = δi[Ξ⋆,Λ]Ψ. (5.2)
As in the anonial ase, this is only possible for gauge groups U(N). The rst
dierene to the anonial ase ours when we look at the transformation prop-
erties of a derivative
δΛ(∂iΨ) = ∂i(iΛ ⋆Ψ) = i(∂iΛ) ⋆Ψ+ iΛ ⋆ (∂iΨ) + iΛ(∂i⋆)Ψ. (5.3)
The additional term iΛ(∂i⋆)Ψ is in general no longer zero, orresponding to a
nontrivial oprodut of the derivative. If we now want to add a gauge eld Ai to
the derivative to make it gauge invariant, i.e.
DiΨ = ∂iΨ− iAi ⋆Ψ, (5.4)
the transformation properties of Ai also have to oset this new term to get
δΛ(DiΨ) = iΛ ⋆ DiΨ. (5.5)
From this we get
δΛ(Ai) ⋆Ψ = ∂iΛ ⋆Ψ+ i[Λ ⋆, Ai] ⋆Ψ+ Λ(∂i⋆)Ψ, (5.6)
whih means that the gauge potential an no longer be a funtion, it has to be
derivative valued. To see this better, we take as an example the ⋆-produt (3.64)
for the κ-deformed plane. The above formula then reads
δΛ(Ax) ⋆as Ψ = (∂xΛ) ⋆as (e
− i
2
a∂yΨ) (5.7)
+((e
i
2
a∂y − 1)Λ) ⋆as (∂xΨ) + i[Λ ⋆as, Ax] ⋆as Ψ.
To oset the terms oming from the deformed Leibniz rule for ∂x (where additional
derivatives at on the right hand side), the gauge eld Ax has to beome derivative
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valued. Gauge theory using suh derivative valued gauge elds was onstruted
in [34, 33, 35℄, but we will try a dierent approah here.
We saw in hapter 2.3 that there is a dierent formulation for nonommutative
gauge theory in terms of ovariant oordinates. So let us see what happens if we
try to gauge the oordinates with a more ompliated ⋆-produt. We want to
have
δΛ(Xi ⋆Ψ) = δΛ((xi + A˜i) ⋆Ψ) = iΛ ⋆ Xi ⋆Ψ. (5.8)
Therefore the gauge eld A˜i has to transform as
δΛA˜i = i[Λ ⋆, xi] + i[Λ ⋆, A˜i]. (5.9)
This means that A˜i is still a funtion, beause the ommutator with a oordinate
of ourse has an undeformed Leibniz rule. But there is a problem with this Ansatz:
the gauge eld A˜i vanishes in the ommutative limit. In the anonial ase, this
ould be solved by dening a new eld (θ−1)ijA˜j , but this is no longer possible
as the now oordinate dependent θ−1 would spoil the transformation properties
of the new objet.
This is why we introdued derivations δX in hapter 4. They do have both an
undeformed Leibniz rule and a nonvanishing ommutative limit. So we introdue
ovariant derivations as
DX = δX − iAX , (5.10)
where X is a Poisson vetor eld. The gauge eld AX will transform as
δΛAX = δXΛ + i[Λ ⋆, AX ]. (5.11)
Then, a eld strength FX,Y an be dened as
− iFX,Y = [DX ⋆, DY ]−D[X,Y ]⋆ , (5.12)
the properties of D and [ · , · ]⋆ making sure that the eld strength is funtion-
valued and transforms ovariantly
1
.
1
This an also be expressed in the language of the nonommutative forms introdued in
appendix A.2. AX is the onnetion one form evaluated on the vetor eld X . It transforms
like
δΛA = δΛ + iΛ ∧ A− iA ∧ Λ. (5.13)
The ovariant derivative of a eld is now
DΨ = δΨ− iA ∧Ψ, (5.14)
and the eld strength beomes
F = DA = δA− iA ∧ A. (5.15)
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5.1.2 Seiberg-Witten gauge theory
Up to now, we ould only do nonommutative gauge theory for gauge groups U(n),
just as in the anonial ase. We will now show how to implement the onept of
Seiberg-Witten maps [95, 64℄ into our new setting of ovariant derivations to be
able to do gauge theory for general gauge groups.
Just as in the anonial ase, the Seiberg-Witten maps for the elds will have
to be enveloping algebra valued, but they will only depend on their ommutative
ounterparts, therefore preserving the right number of degrees of freedom. Again
we demand that their nonommutative transformation properties are determined
by the transformation properties of the ommutative elds they depend on.
Therefore the elds again transform as [63℄
δαΨψ[a] = iΛα[a] ⋆Ψψ[a], (5.17)
leading to the same onsisteny ondition for the gauge parameter
iδαΛβ − iδβΛα + [Λα ⋆, Λβ] = iΛ−i[α,β]. (5.18)
The transformation law for the ovariantizer is now
δα(D[a](f)) = i[Λα[a] ⋆, D[a](f)]. (5.19)
The Seiberg-Witten-map an be easily extended to the derivations δX of the ⋆-
produt. The nonommutative ovariant derivation DX [a] an be written with
the help of a nonommutative gauge potential AX [a] now depending both on the
ommutative gauge potential a and the Poisson vetoreld X
DX [a]Ψψ[a] = δXΨψ[a]− iAX [a] ⋆Ψψ[a]. (5.20)
It follows that the gauge potential has to transform like
δαAX [a] = δXΛα[a] + i[Λα[a] ⋆, AX [a]]. (5.21)
We will give expliit formulas for the Seiberg-Witten maps in hapters 5.2 and
5.3.
One easily an show that the eld strength is a ovariant onstant
DF = δF − iA ∧ F = 0. (5.16)
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5.1.3 Commutative ations with the frame formalism
To link the nonommutative onstrutions of the last hapters with ommutative
gauge theory, we rst want to reall some aspets of lassial dierential geometry.
Suppose we are working on a n-dimensional manifold M with metri gµν . Then
there are loally n derivatives ∂µ whih form a basis of the tangent spae TM of
the manifold. We an always make a loal basis transformation to a frame (or
non-oordinate basis)
ea = ea
µ(x)∂µ, (5.22)
(with ea
µ(x) invertible, i.e. ea
µeaν = δ
µ
ν ) where the metri is onstant
ηab = ea
µeb
νgµν . (5.23)
Sine forms are dual to vetor elds, they may be evaluated on the frame. For
the gauge eld we get
aa = a(ea), (5.24)
leading to the ovariant derivate
Daψ = (Dψ)(ea) = eaψ − iaaψ. (5.25)
The eld strength beomes
fab = i[Da, Db]− iD([ea, eb]) = eaab − ebaa − a([ea, eb])− i[aa, ab]. (5.26)
Loally this means that
aa = ea
µaµ , Daψ = ea
µDµ and fab = ea
µeb
νfµν . (5.27)
Using these denitions, the ation for gauge theory on a urved manifold an be
written in the two dierent bases as
S = −1
4
∫
dnx
√
g ηabηcdfacfbd = −1
4
∫
dnx
√
g gµνgρσfµρfνσ, (5.28)
where
√
g =
√
det (gµν) =
√
det(eaµebνηab) = det e
a
µ (5.29)
is the measure funtion indued by the metri.
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5.1.4 Gauge theory on urved nonommutative spaetime
In order to formulate gauge theory on a urved nonommutative spaetime, we
need a frame ea and a Poisson struture { · , · }p = πµν∂µ∧∂ν that are ompatible
with eah other. Compatibility means that the frame ea ommutes with the
Poisson struture { · , · }p, i.e.
ea{f, g}p = {eaf, g}p + {f, eag}p, (5.30)
and that the measure funtion
√
g indued by the metri gµν = e
a
µe
b
νηab is also
a measure funtion for the Poisson manifold, i.e. that we have
∂µ(
√
gπµν) = 0.
We will all the ⋆-produt algebra generated by quantizing suh a Poisson stru-
ture a urved nonommutative spae, as the gauge theory we will dene on it in
this hapter will redue to gauge theory on a urved manifold in the ommutative
limit. In appendix A.3 we will propose a method how to nd frames ommuting
with the Poisson struture in the ontext of quantum spaes. How to nd Poisson
strutures ompatible with a given frame by a onstrution based on dierential
equations an be found in [97℄.
For the gauge theory, we saw in hapter 5.1.1 that we an dene a ovariant
derivative of a eld by using a derivation δX
DXΨψ = δXΨψ − iAX ⋆Ψψ. (5.31)
With this, a eld strength ould be dened as
−iFX,Y = [DX ⋆, DY ]−D[X,Y ]⋆. (5.32)
The properties of δ· and [ · , · ]⋆ ensured that this really is a funtion and not a
polydierential operator.
On a urved nonommutative spae, we an quantize the frame ea with the
map δ to get derivations of the ⋆-produt. These we an use to dene our ovariant
derivatives. The nonommutative ovariant derivative (5.31) and eld strength
(5.32) evaluated on the frame ea then read
DaΦ = DeaΦ = δeaΦ− iAea ⋆ Φ, (5.33)
−iFab = −iFea,eb = [Dea ⋆, Deb ]−D[ea,eb]⋆ . (5.34)
The eld strength will transform ovariantly under gauge transformations, i.e. we
have
δΛ(F ) = i[Λ ⋆, F ]. (5.35)
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To make the ation gauge invariant, the integral has to have the trae property,
i.e. it has to be invariant under yli permutations. For this we need a measure
funtion Ω, whih in our ase will be the measure funtion indued by the metri
plus possible higher orders in the nonommutativity (see also hapter 3.6), i.e.
we will have
Ω =
√
g +O(1). (5.36)
With this, we have a nonommuative gauge ation
S = −1
4
∫
dnxΩ ηabηcdFac ⋆ Fbd. (5.37)
that goes in the ommutative limit
S → −1
4
∫
dnx
√
g gµνgρσfµρfνσ (5.38)
to gauge theory on a urved manifold.
5.1.4.1 Salars
For the nonommutative version of a salar Lagrangian
ηabDaφDbφ+m
2φφ, (5.39)
we also need an involution ·¯ of the ⋆-produt, i.e.
(f ⋆ g) = g ⋆ f. (5.40)
To make the NC Lagrangian invariant under NC gauge transformations, the NC
gauge parameter Λ and the NC gauge eld AX have to be invariant under this
involution to get
δΛφ = (Λ ⋆ φ) = φ ⋆ Λ = Φ ⋆ Λ (5.41)
and
(AX ⋆ φ) = φ ⋆ AX = φ ⋆ AX . (5.42)
For the Weyl-ordered ⋆-produt, ordinary omplex onjugation still is an involu-
tion, and the hermitiity of the NC gauge parameter Λ and the NC gauge eld AX
an be heked expliitly on the formulas of the Seiberg-Witten map in hapter
5.2.
Putting everything together, we therefore end up with an ation
S =
∫
dnxΩ (−1
4
ηabηcdFac ⋆ Fbd + η
abDaΦ ⋆ DbΦ−m2Φ ⋆ Φ). (5.43)
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that is invariant under nonommutative gauge transformations
δΛS = 0 (5.44)
and redues in the ommutative limit
S →
∫
dnx
√
g (−1
4
gµνgρσfµρfνσ + g
µνDµφ¯Dνφ−m2φ¯φ), (5.45)
to salar eletrodynamis on a urved manifold.
5.1.4.2 Spinors
Even though it isn't lear how to dene NC spinors on general urved spaetimes
due to the nontrivial spin-onnetion, it should still be possible in two dimensions.
There, the spin onnetion vanishes and the ommutative spinor ation an be
written as
Sspinor =
1
2
∫
d2x
√
gΨiγaeµa(∂µ − iAµ +m)Ψ. (5.46)
Note that with the usual gamma-matries {γa, γb} = 2ηab and γµ = γaeµa , we
get {γµ, γν} = 2gµν. The nonommutative version of (5.46) is easily onstruted,
and we get
Sspinor =
1
2
∫
d2xΩΨiγa(δea − iAea +m) ⋆Ψ (5.47)
with ea = e
µ
a∂µ, whih is invariant under NC gauge transformations and redues
in the ommutative limit to (5.46).
5.1.5 Example: A frame for κ-deformed spaetime
In this hapter we will onstrut a frame for the n-dimensional generalization
of the κ-deformed plane studied in hapters 3.7 and 4.5. The relations of this
quantum spae
2
are
[x̂0, x̂i] = iax̂i for i 6= 0, (5.48)
with a a real number. The Poisson struture for this spae is
cµν = iaxiδµ0 δ
ν
i − iaxiδµi δν0 . (5.49)
2
Compared to the two-dimensional example in (3.7) and (4.5), the oordinate x0 orresponds
to x and the oordinates xi orrespond to y. A Jambor-Sykora ⋆-produt for the n-dimensional
κ-deformed spae reads e.g.
f ⋆ g = m · e−ia xi∂i⊗∂0f ⊗ g.
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The derivative in the x0-diretion obviously ommutes with this Poisson struture,
and we an use it for the frame, setting e0
µ = δµ0 . For the other diretions, we see
that ρ∂i with ρ =
√∑n−1
i=1 (x
i)2 ommutes with the Poisson struture, as we have
ρ∂ic
µν = iaρδµ0 δ
ν
i − iaρδµi δν0 and cµσ∂σ(ρδνi ) = iaρδµ0 δνi , (5.50)
giving
ρ∂iγ
µν − cµσ∂σρδνi + cνσ∂σρδµi = 0. (5.51)
For the frame, we an therefore take
eo = ∂o, (5.52)
ei = ρ∂i,
leading to a ommutative metri
g = (dx0)2 + ρ−2((dx1)2 + · · ·+ (dxn−1)2). (5.53)
We know that we an write
(dx1)2 + · · ·+ (dxn−1)2 = dρ2 + ρ2dΩ2n−2, (5.54)
where dΩ2n−2 is the metri of the n− 2 dimensional sphere. Therefore in this new
oordinate system
g = (dx0)2 + (d ln ρ)2 + dΩ2n−2 (5.55)
and we see that the ommutative spae is a ross produt of a two dimensional
Eulidean spae and a n − 2-sphere. Therefore it is a spae of onstant non-
vanishing urvature. Further √
det g = ρ−(n−1) (5.56)
is both the measure funtion on this urved spae and it fullls
∂µ(
√
det gcµν) = 0, (5.57)
i.e. it also guarantees the yliity of the integral, see hapter 3.6.
We have found a frame ompatible with the Poisson struture of κ-deformed
spaetime and an therefore onstrut nonommutative gauge theory on this
spae. We will ontinue this example in hapter 5.2.6, where we will also have
expliit formulas for the SW-maps, writing down an expliit ation for the gauge
theory.
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5.2 Expliit formulas for the Seiberg-Witten map
We will now present a onsistent solution for the Seiberg-Witten-maps up to
seond order for the Weyl ordered ⋆-produt and non-abelian gauge transforma-
tions. The solutions have been hosen in suh a way that they reprodue the ones
obtained in [63℄ for the anonial ase.
For alulating the Seiberg-Witten maps, we will write the Weyl ordered ⋆-
produt (3.35) expanded to seond order as
f ⋆ g = fg + f ⋆1 g + f ⋆2 g +O(3) (5.58)
with
f ⋆1 g =
1
2
cij∂if ∂jg (5.59)
and
f ⋆2 g =
1
8
cmncij∂m∂if∂n∂jg +
1
12
cml∂lc
ij(∂m∂if∂jg − ∂if∂m∂jg). (5.60)
5.2.1 The gauge parameter
The gauge parameter is equally expanded as
Λα[a] = Λ
0
α[a] + Λ
1
α[a] + Λ
2
α[a] +O(3) (5.61)
The solution for the gauge transformations is obtained by solving the onsisteny
ondition (5.18) order by order. To zeroth order, we learly have Λ0α[a] = α.
To rst order, the onsisteny ondition reads
iδαΛ
1
β − iδβΛ1α + [α,Λ1β] + [Λ1α, β]− iΛ1−i[α,β] = −[α ⋆1, β] (5.62)
= −1
2
cij[∂iα, ∂jβ]
A solution to this equation is
Λ1α[a] = −
i
4
cij{∂iα, aj}. (5.63)
Note that this solution is not unique. Espeially, we ould always add terms
solving the homogeneous part of (5.62).
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To seond order, the onsisteny ondition reads
iδαΛ
2
β − iδβΛ2α + [α,Λ2β] + [Λ2α, β]− iΛ2−i[α,β] (5.64)
= −[α ⋆1, Λ1β]− [Λ1α ⋆1, β]− [Λ1α,Λ1β]− [α ⋆2, β]
= −1
2
cij[∂iα, ∂jΛ
1
β]−
1
2
cij[∂iΛ
1
α, ∂jβ]− [Λ1α,Λ1β]
−1
8
cmncij [∂m∂iα, ∂n∂jβ]− 1
12
cml∂lc
ij([∂m∂iα, ∂jβ]− [∂iα, ∂m∂jβ]).
Using the rst order term (5.63), we alulate the seond order term
Λ2α[a] = +
1
32
cijckl
(
4{∂iα, {ak, ∂laj}} − 2i[∂i∂kα, ∂jal] (5.65)
+2[∂jal, [∂iα, ak]]− 2i[[aj , al], [∂iα, ak]]
+i{∂iα, {ak, [aj , al]}}+ {aj, {al, [∂iα, ak]}}
)
+
1
24
ckl∂lc
ij
(
{∂iα, {ak, aj}} − 2i[∂i∂kα, aj]
)
.
5.2.2 Fields in the fundamental representation
In the same way a solution for the eld Ψ in the fundamental representation is
obtained by solving equation (5.17). We expand it to seond order as
Ψψ[a] = Ψ
0
ψ[a] + Ψ
1
ψ[a] + Ψ
2
ψ[a] +O(3). (5.66)
The zeroth order is the ommutative eld, i. e. Ψ0ψ[a] = ψ. To rst order, the
equation (5.17) reads
δαΨ
1
ψ − iαΨ1ψ = iα ⋆1 ψ + iΛ1αψ =
i
2
cij∂iα∂jψ + iΛ
1
αψ, (5.67)
whih is solved using (5.63) to give
Ψ1ψ[a] =
1
4
cij
(
2iai∂jψ + aiajψ
)
. (5.68)
To seond order the equation (5.17) reads
δαΨ
2
ψ − iαΨ2ψ = iα ⋆2 ψ + iα ⋆1 Ψ1ψ + iΛ1α ⋆1 ψ + iΛ1αΨ1ψ + iΛ2αψ (5.69)
=
i
8
cmncij∂m∂iα, ∂n∂jψ +
i
12
cml∂lc
ij(∂m∂iα∂jψ − ∂iα∂m∂jψ)
+
i
2
cij∂iα∂jΨ
1
ψ +
i
2
cij∂iΛ
1
α∂jψ + iΛ
1
αΨ
1
ψ + iΛ
2
αψ.
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Using the solutions to rst order (5.63) and (5.68), a solution
Ψ2ψ[a] = +
1
32
cijckl
(
4i∂iak∂j∂lψ − 4aiak∂j∂lψ − 8ai∂jak∂lψ (5.70)
+4ai∂kaj∂lψ + 4iaiajak∂lψ − 4iakajai∂lψ
+4iajakai∂lψ − 4∂jakai∂lψ + 2∂iak∂jalψ
−4iaial∂kajψ − 4iai∂kajalψ + 4iai∂jakalψ
−3aiajalakψ − 4aiakajalψ − 2aialakajψ
)
+
1
24
ckl∂lc
ij
(
2iaj∂k∂iψ + 2i∂kai∂jψ + 2∂kaiajψ
−akai∂jψ − 3aiak∂jψ − 2iajakaiψ
)
an be alulated for the seond order term.
5.2.3 The ovariantizer
The ovariantizer is expanded as well as
D[a](f) = D0[a](f) +D1[a](f) +D2[a](f) +O(3). (5.71)
We will now solve (5.19) order to order. To zeroth order, we take D to be the
identity, i.e. D0[a](f) = f . To rst order (5.19) reads
δαD
1(f)− i[α,D1(f)] = i[α ⋆1, f ] = i
2
cij [∂iα, ∂jf ], (5.72)
having a solution
D1[a](f) = icijai∂jf. (5.73)
To seond order we get for (5.19)
δαD
2(f)− i[α,D2(f)] = i[α ⋆2, f ] + i[α ⋆1, D1(f)] (5.74)
+i[Λ1α
⋆1, f ] + i[Λ1α, D
1(f)]
=
i
8
cmncij[∂m∂iα, ∂n∂jf ]
+
i
12
cml∂lc
ij([∂m∂iα, ∂jf ]− [∂iα, ∂m∂jf ])
+
i
2
cij [∂iα, ∂jD
1(f)] +
i
2
cij [∂iΛ
1
α, ∂jf ] + i[Λ
1
α, D
1(f)],
with a solution
D2[a](f) = +
1
4
cijckl
(
− 2{ai, ∂jak}∂lf + {ai, ∂kaj}∂lf (5.75)
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+i{ai, [aj , ak]}∂lf − {ai, ak}∂j∂lf
)
+
1
4
cil∂lc
jk{ai, ak}∂jf.
5.2.4 The gauge eld
Finally we want to alulate a SW-map for the gauge potential AX evaluated on
a Poisson vetor eld X . Again we expand it as
AX [a] = A
0
X [a] + A
1
X [a] + A
2
X [a] +O(3). (5.76)
Expanding the equation (5.21) as well, we see that to zeroth order it is solved by
A0X [a] = X
nan. To rst order it reads
δαA
1
X − i[α,A1X ] = X i∂iΛ1α + δ1Xα + i[α ⋆1, Xnan] + i[Λ1α, Xnan] (5.77)
= X i∂iΛ
1
α +
i
2
cij [∂iα, ∂j(X
nan)] + i[Λ
1
α, X
nan].
Using [X, c]S = 0, we an alulate a solution
A1X [a] =
i
4
cklXn{ak, ∂lan + fln}+ i
4
ckl∂lX
n{ak, an}, (5.78)
where fij = ∂iaj − ∂jai − i[ai, aj ] is the ommutative eld strength.
The equation to seond order is
δαA
2
X − i[α,A2X ] = X i∂iΛ2α + δ1XΛ1α + δ2Xα + i[Λ1α, A1X ] + i[Λ2α, Xnan] (5.79)
+i[α ⋆2, Xnan] + i[α ⋆1, A
1
X ] + i[Λ
1
α
⋆1, Xnan]
= X i∂iΛ
2
α + δ
1
XΛ
1
α + i[Λ
1
α, A
1
X ] + i[Λ
2
α, X
nan].
+
i
8
cmncij [∂m∂iα, ∂n∂j(X
nan)]
+
i
12
cml∂lc
ij([∂m∂iα, ∂j(X
nan)]− [∂iα, ∂m∂j(Xnan)])
+
i
2
cij[∂iα, ∂jA
1
X ] +
i
2
cij [∂iΛ
1
α, ∂j(X
nan)]
− 1
12
clk∂kc
im∂l∂mX
j∂i∂jα +
1
24
clkcim∂l∂iX
j∂k∂m∂jα
The seond order solution for the NC gauge potential is
A2X [a] = +
1
32
cklcijXn
(
− 4i[∂k∂ian, ∂laj ] + 2i[∂k∂nai, ∂laj] (5.80)
−4{ak, {ai, ∂jfln}} − 2[[∂kai, an], ∂laj ] + 4{∂lan, {∂iak, aj}}
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−4{ak, {fli, fjn}}+ i{∂naj , {al, [ai, ak]}}
+i{ai, {ak, [∂naj , al]}} − 4i[[ai, al], [ak, ∂jan]]
+2i[[ai, al], [ak, ∂naj]] + {ai, {ak, [al, [aj , an]]}}
−{ak, {[al, ai], [aj , an]}} − [[ai, al], [ak, [aj, an]]]
)
+
1
32
cklcij∂jX
n
(
2i[∂kai, ∂lan] + 2i[∂iak, ∂lan]
+2i[∂iak, ∂lan − ∂nal] + 4{an, {al, ∂kai}}
+4{ak, {ai, ∂nal − ∂lan}} − 2i{ak, {ai, [an, al]}}
+i{ai, {al, [an, ak]}}+ i{an, {al, [ai, ak]}}
)
+
1
24
cklcij∂l∂jX
n
(
∂i∂kan − 2i[ai, ∂kan]− {an, {ak, ai}}
)
+
1
24
ckl∂lc
ijXn
(
2i[aj , ∂k∂ian] + 2i[∂kai, fjn]
−{∂jan, {ak, ai}}+ 2{ai, {ak, fnj}}
)
+
1
24
ckl∂lc
ij∂jX
n
(
− 4i[ai, ∂kan] + 2i[ak, ∂ian]− {an, {ak, ai}}
)
− 1
12
ckl∂lc
ij∂j∂kX
n∂ian +O(3).
5.2.5 Field strength, ovariant derivative and ation
We will now use the Seiberg-Witten maps of the preeding hapters to alulate
ations for nonommutative gauge theory to rst order. We start with alulating
the eld strength (5.32). It is
Fab = F (Xa, Xb) = [DXa
⋆, DXb ]−D[Xa,Xb]⋆ (5.81)
= XkaX
l
bfkl +
i
2
cij{ai, ∂j(XkaX lbfkl)}
+
i
2
cijXkaX
l
b{fjl, fki}+
1
4
cijXkaX
l
b{ai, [aj , fkl]}+O(2).
The ovariant derivative is
DaΦ = DXaΦ = δXaΦ− iAXa ⋆ Φ (5.82)
= XkaDkφ+
i
2
Xkafkic
ijDjφ
+
i
2
cijai∂j(X
k
aDkφ) +
1
4
cijaiajX
k
aDkφ+O(2).
Using partial integration and the trae property of the integral, i.e. ∂µ(Ωc
µν) = 0,
we an alulate
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S˜gauge =
∫
dnxΩ ηabηcdFac ⋆ Fbd (5.83)
=
∫
dnxΩ ηabηcdXµaX
ν
cX
ρ
bX
σ
d fµνfρσ
+
∫
d4xΩ ηabηcd
( i
4
cij[ai, [∂j(X
µ
aX
ν
c fµν), X
ρ
bX
σ
d fρσ]]
+
i
8
cijXµaX
ν
cX
ρ
bX
σ
d {fµν , {fij, fρσ}} −
1
4
cijXµaX
ν
cX
ρ
bX
σ
d [fµνai, fρσaj]
−1
4
cijXµaX
ν
cX
ρ
bX
σ
d [aifµν , ajfρσ] +
i
2
cijXµaX
ν
cX
ρ
bX
σ
d {fµν , {fjσ, fρi}}
)
+O(2),
where we haven't done the trae over the gauge representation jet. Doing this
now, the ation for the gauge partiles is
Sgauge = −1
4
tr(S˜gauge) (5.84)
=
∫
dnxΩ ηabηcdXµaX
ν
cX
ρ
bX
σ
d
(
− 1
4
tr(fµνfρσ)
− i
8
cijtr(fijfµνfρσ)− i
2
cijtr(fµνfjσfρi)
)
+O(2).
With cij = −cij we get
Sscalar =
∫
dnxΩ ηabDaΦ ⋆ DbΦ (5.85)
=
∫
dnxΩ ηab
(
X
µ
aX
ν
bDµφDνφ
+
i
2
cijX
µ
aX
ν
bDµφfνiDjφ+
i
2
cijX
µ
aX
ν
bDjφfνiDµφ
+
i
2
cijX
µ
aX
ν
bDµφfijDνφ
)
+O(2)
for the salar elds.
5.2.6 Example: A NC ation on κ-deformed spaetime
Now we ontinue our example from hapter 5.1.5. There, we had already on-
struted a frame
eµ0 = δ
µ
0 , (5.86)
eµi = ρδ
µ
i (5.87)
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with ρ =
√
xixi ompatible with the Poisson struture
cµν = iaδµ0 δ
ν
i x
i − iaδν0δµi xi. (5.88)
These we an plug into our solution of the Seiberg-Witten map and get
Λλ[a] = λ +
a
4
xi{∂0λ, ai} − a
4
xi{∂iλ, a0}+O(a2),
Φφ[a] = φ− a
2
xia0∂iφ+
a
2
xiai∂0φ+
ia
4
xi[a0, ai]φ+O(a2),
AX0 = a0 −
a
4
xi{a0, ∂ia0 + fi0}+ a
4
xi{ai, ∂0a0}+O(a2), (5.89)
AXj = ρaj −
a
4
ρ{aj , a0} − a
4
ρxi{a0, ∂iaj + fij}
+
a
4
ρxi{ai, ∂0aj + f0j}+O(a2),
δXµ = X
ν
µ∂ν +O(a2).
The measure funtion indued by the frame (5.86,5.87) was
Ω = ρ−(n−1) =
√
g, (5.90)
also guaranteeing the yliity of the integral. With this measure funtion the
ations beome
Sgauge = −1
2
∫
dnx ρ3−nη00ηijTr(f0if0j) (5.91)
−1
4
∫
d4x ρ5−nηklηijTr(fkiflj)
−a
2
∫
dnx ρ3−nη00ηijxpTr(f0pf0if0j)
+
a
4
∫
d4x ρ5−nηklηijxpTr(f0pfkiflj)
−a
2
∫
dnx ρ5−nηklηijxpTr(fjp{fki, fl0}) +O(a2)
and
Sscalar =
∫
dnx ρ1−nη00D0φD0φ+
∫
dnx ρ3−nηklDkφDlφ (5.92)
−a
2
∫
dnx ρ3−nηklxiDkφfl0Diφ+
a
2
∫
dnx ρ3−nηklxiDkφfliD0φ
−a
2
∫
dnx ρ3−nηklxiDiφfl0Dkφ+
a
2
∫
dnx ρ3−nηklxiD0φfliDkφ
−a
∫
dnx ρ3−nηklxiDkφf0iDlφ+O(a2).
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In the ommutative limit a→ 0 the ation redues to salar eletrodynamis on
a manifold with onstant urvature.
5.3 Constrution of the Seiberg-Witten maps to
all orders
For expliit alulations, the Weyl ordered ⋆-produt is the best hoie, but it
is only known to seond order. For alulations to all orders, we an use the
formality ⋆-produt, whih also omes with strong mathematial tools we an
use for the onstrution of the Seiberg-Witten maps. We already saw how to
onstrut derivations for the formality ⋆-produt in hapter (4.3). We an use
them to formulate NC gauge theory on any Poisson manifold. To relate the NC
theory to ommutative gauge theory, we need the Seiberg-Witten maps for the
formality ⋆-produt. In [65℄ and [66℄ the SW maps for the NC gauge parameter
and the ovariantizer were already onstruted to all orders in θ. We will extend
the method developed there to the SW map for ovariant derivations.
5.3.1 Formality
We saw in hapter 3.4 that the formality ⋆-produt an be onstruted using the
maps Un from the polyvetorelds to the polydierential operators as
f ⋆ g =
∞∑
n=0
1
n!
Un(π, . . . , π)(f, g). (5.93)
With these maps, we already introdued the speial polydierential operators
Φ(α) =
∞∑
n=1
1
(n− 1)!Un(α, π, . . . , π), (5.94)
Ψ(α1, α2) =
∞∑
n=2
1
(n− 2)!Un(α1, α2, π, . . . , π) (5.95)
in hapter 4.3. For the onstrution of the Seiberg-Witten maps, we will need
some additional relations, whih we alulate using the formality ondition (3.44).
For g a funtion, X and Y vetorelds and π and σ bivetorelds we see that
both Φ(g) and Ψ(X, Y ) are funtions and we go on to alulate
[⋆, ⋆]G = Φ([π, π]S), (5.96)
[Φ(f), ⋆]G = −Φ([f, π]S), (5.97)
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[δX , ⋆]G = Φ([X, π]S), (5.98)
[δX , δY ]G + [Ψ(X, Y ), ⋆]G = δ[X,Y ]S (5.99)
+Ψ([π, Y ]S, X)−Ψ([π,X ]S, Y ),
[Φ(σ),Φ(g)]G + [Ψ(σ, g), ⋆]G = −δ[σ,g]S (5.100)
−Ψ([π, g]S, σ)−Ψ([π, σ]S, g),
[δX ,Φ(g)]G = φ([X, g]S) (5.101)
−Ψ([π, g]S, X)−Ψ([π,X ]S, g).
If π is a Poisson tensor, i. e. [π, π]S = 0 and if X and Y are Poisson vetor elds,
i. e. [X, π]S = [Y, π]S = 0, the relations (5.96) to (5.99) beome
f ⋆ (g ⋆ h) = (f ⋆ g) ⋆ h, (5.102)
δHf (g) = −[Φ(f) ⋆, g], (5.103)
δX(f ⋆ g) = δX(f) ⋆ g + f ⋆ δX(g), (5.104)
([δX , δY ]− δ[X,Y ]L)(g) = [Ψ(X, Y ) ⋆, g] (5.105)
when evaluated on funtions. [ · , · ] are now ordinary ommutator brakets. ⋆
denes an assoiative produt, the Hamiltonian vetor elds are mapped to inner
derivations and Poisson vetor elds are mapped to outer derivations of the ⋆-
produt.
5.3.2 Semi-lassial onstrution
We will rst do the onstrution in the semi-lassial limit, where the star om-
mutator is replaed by the Poisson braket. As in [65℄ and [66℄, we dene, with
the help of the Poisson tensor θ = 1
2
θkl∂k ∧ ∂l
dθ = −[·, θ] (5.106)
and (loally)
aθ = θ
ijaj∂i. (5.107)
Note that the braket used in the denition of dθ is not the Shouten-Nijenhuis
braket (A.1.1). For polyvetorelds π1 and π2 it is
[π1, π2] = −[π2, π1]S, (5.108)
giving an extra minus sign for π1 and π2 both even (see B.2.2). Espeially, we get
for dθ ating on a funtion g
dθg = −[g, θ] = [g, θ]S = θkl∂lg∂k. (5.109)
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Now a parameter t and t-dependent θt =
1
2
θklt ∂k ∧ ∂l and Xt = Xkt ∂k are intro-
dued, fullling
∂tθt = fθ = −θtfθt and ∂tXt = −Xtfθt, (5.110)
where the multipliation is understood as ordinary matrix multipliation, e.g.
(θtfθt)
ij = θikt fklθ
kj
t . Given the Poisson tensor θ and the Poisson vetoreld X ,
the formal solutions are
θt = θ
∞∑
n=0
(−t fθ)n = 1
2
(θkl − tθkifijθjl + . . .)∂k ∧ ∂l (5.111)
and
Xt = X
∞∑
n=0
(−t fθ)n = Xk∂k − tX ifijθjk∂k + . . . . (5.112)
θt is still a Poisson tensor and Xt is still a Poisson vetoreld, i.e.
[θt, θt] = 0 and [Xt, θt] = 0. (5.113)
For the proof see B.1.
With this we alulate
fθ = ∂tθt = −θtfθt = −[aθ, θ] = dθaθ. (5.114)
We now get the following ommutation relations
[aθt + ∂t, dθt(g)] = dθt((aθt + ∂t)(g)), (5.115)
[aθt + ∂t, Xt] = −dθt(Xkt ak), (5.116)
where g is some funtion whih might also depend on t (see B.2.1).
To onstrut the Seiberg-Witten map for the gauge potential AX , we rst
dene
Kt =
∞∑
n=0
1
(n+ 1)!
(aθt + ∂t)
n. (5.117)
With this, the semi-lassial gauge parameter reads [65, 66℄
Λλ[a] = Kt(λ)
∣∣∣
t=0
. (5.118)
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To see that this has indeed the right transformation properties under gauge trans-
formations, we rst note that the transformation properties of aθt and X
k
t ak are
δλaθt = θ
kl
t ∂lλ∂k = dθtλ (5.119)
and
δλ(X
k
t ak) = X
k
t ∂kλ = [Xt, λ]. (5.120)
Using (5.119,5.120) and the ommutation relations (5.115,5.116), a rather tedious
alulation (see B.3) shows that
δλKt(X
k
t ak) = X
k
t ∂kKt(λ) + dθt(Kt(λ))Kt(X
k
t ak). (5.121)
Therefore, the semi-lassial gauge potential is
AX [a] = Kt(X
k
t ak)
∣∣∣
t=0
. (5.122)
5.3.3 Quantum onstrution
We an now use the Kontsevih formality map to quantize the semi-lassial on-
strution. All the semi-lassial expressions an be mapped to their ounterparts
in the ⋆-produt formalism without loosing the properties neessary for the on-
strution. One higher order term will appear, xing the transformation properties
for the quantum objets.
The ⋆-produt we will use is
⋆ =
∞∑
n=0
1
n!
Un(θt, . . . , θt). (5.123)
We dene
d⋆ = −[·, ⋆]G , (5.124)
whih for funtions f and g reads
d⋆(g) f = [f ⋆, g]. (5.125)
The braket used in the denition of d⋆ is the Gerstenhaber braket (A.1.2). We
now alulate the ommutators (5.115) and (5.116) in the new setting (see B.2.2).
We get
[Φ(aθt) + ∂t, d⋆(Φ(g))] = d⋆((Φ(aθt) + ∂t)Φ(g)), (5.126)
[Φ(aθt) + ∂t,Φ(Xt)] = −d⋆(Φ(Xkt ak)−Ψ(aθt , Xt)). (5.127)
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The higher order term Ψ(aθt , Xt) has appeared, but looking at the gauge trans-
formation properties of the quantum objets we see that it is atually neessary.
We get
δλΦ(aθt) = Φ(dθtλ) = d⋆Φ(λ) (5.128)
with (5.104) and (5.119) and
δλ(Φ(X
k
t ak)−Ψ(aθ, Xt)) = Φ([Xt, λ])−Ψ(dθλ,Xt) (5.129)
= [Φ(Xt),Φ(λ)]−Ψ([θt, λ], Xt)
+Ψ([θt, Xt], λ)−Ψ(dθλ,Xt)
= [Φ(Xt),Φ(λ)]
= δXtΦ(λ),
where the addition of the new term preserves the orret transformation property.
With
K⋆t =
∞∑
n=0
1
(n + 1)!
(Φ(aθt) + ∂t)
n, (5.130)
a alulation analogous to the semi-lassial ase gives
δλ(K
⋆
t (Φ(X
k
t ak)−Ψ(aθt , Xt))) = δXtK⋆t (Φ(λ)) (5.131)
+d⋆(K
⋆
t (Φ(λ)))K
⋆
t (Φ(X
k
t ak)−Ψ(aθt , Xt)).
As in [65, 66℄, the NC gauge parameter is
Λλ[a] = K
⋆
t (Φ(λ))
∣∣∣
t=0
, (5.132)
and we therefore get for the NC gauge potential
AX [a] = K
⋆
t (Φ(X
k
t ak)−Ψ(aθt , Xt))
∣∣∣
t=0
, (5.133)
transforming with
δλAX = δXΛλ − [Λλ ⋆, AX ]. (5.134)
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Chapter 6
Covariant oordinates
While we an only onstrut ations for nonommutative gauge theory if we have
a frame ommuting with the Poisson struture, ovariant oordinates an always
be dened. Therefore we an still extrat information from the nonommutative
gauge theory, even if we do not have the omplete piture. We will use these
ovariant oordinates to generalize the open Wilson lines of hapter 2.5. In [90℄
these were used to give an exat formula for the inverse Seiberg-Witten map. We
will generalize this onstrution for general ⋆-produts with invertible Poisson
struture θij .
6.1 Wilson lines and observables
As we saw in hapter 5.1.1, multipliation with a oordinate from the left is not
a ovariant operation. For this, we an dene ovariant oordinates
X i = xi + Ai (6.1)
for whih we want
δΛ(X
i ⋆Ψ) = δΛ((x
i + Ai) ⋆Ψ) = iΛ ⋆ X i ⋆Ψ. (6.2)
Therefore the gauge eld Ai has to transform as
δΛA
i = i[Λ ⋆, xi] + i[Λ ⋆, Ai]. (6.3)
Even though the gauge eld Ai vanishes in the ommutative limit, its Seiberg-
Witten map an nevertheless be alulated [65℄. It starts with
Ai = θijaj +O(2). (6.4)
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We an use the ovariant oordinates to onstrut nonommutative Wilson lines.
As in the anonial ase we an start with
Wl = e
iliXi
⋆ ⋆ e
−ilixi
⋆ , (6.5)
where ⋆ is now an arbitrary ⋆-produt. The transformation property ofWl is now
W ′l (x) = g(x) ⋆ Wl(x) ⋆ g
−1(Tlx), (6.6)
where
Tlx
j = eilix
i
⋆ ⋆ x
j ⋆ e−ilix
i
⋆ (6.7)
is an inner automorphism of the algebra, whih an be interpreted as a quantized
oordinate transformation. Note that the e−liX
i
⋆ do not lose to a group for θ
ij(x)
at least quadrati in the x's. Therefore it is not lear how to generalize NC Wilson
lines for arbitrary urves as in [59℄. If we replae ommutators by Poisson brakets,
the semi-lassial limit of these oordinate transformations may be alulated
Tlx
k = eili[x
i⋆, ·]
⋆ x
k ≈ e−li{xi,·}xj = e−liθij∂jxk, (6.8)
the formula beoming exat for θij onstant or linear in x. We see that the semi-
lassial oordinate transformation is the ow indued by the Hamiltonian vetor
eld −liθij∂j . At the end we may expand Wl in terms of θ and get
Wl = e
−iliθijaj +O(θ2), (6.9)
where we have replaed Ai by its Seiberg-Witten expansion. We see that for
l small this really is a Wilson line starting at x and ending at x − lθ. For a
given ⋆-produt, the higher order orretions to this expression an in priniple
be alulated. Note that this expression would also depend on the spei hoie
of the Seiberg-Witten-map of the ovariant oordinates.
If we have a measure funtion Ω(x) for our ⋆-produt with ∂i(Ωθ
ij) = 0, we
an use the trae property of the integral (see hapter 3.6) to generalize the open
Wilson lines of hapter 2.5. They read
Ul =
∫
d2nxΩ(x)Wl(x) ⋆ e
ilixi
⋆ =
∫
d2nxΩ(x) eiliX
i(x)
⋆ (6.10)
and are again gauge invariant objets. Of ourse, we an again insert a funtion
f depending only on the ovariant oordinates
fl =
∫
d2nxΩ(x) f(X i) ⋆ eiliX
i(x)
⋆ (6.11)
without spoiling the gauge invariane.
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6.2 Inverse Seiberg-Witten-map
As an appliation of the above onstruted observables we generalize [90℄ to arbi-
trary ⋆-produts, i. e. we give a formula for the inverse Seiberg-Witten map for
⋆-produts with invertible Poisson struture. In order to map nonommutative
gauge theory to its ommutative ounterpart, we need a funtional fij [X ] fullling
fij [g ⋆ X ⋆ g
−1] = fij [X ], (6.12)
df = 0 (6.13)
and
fij = ∂iaj − ∂jai +O(θ). (6.14)
f is a gauge ovariant eld strength and redues in the limit θ → 0 to the orret
expression.
To prove the rst and the seond property we will only use the algebra prop-
erties of the ⋆-produt and the yliity of the trae. All quantities with a hat
will be elements of an algebra. With this let Xˆ i be ovariant oordinates in an
algebra, transforming under gauge transformations like
Xˆ i′ = gˆXˆ igˆ−1 (6.15)
with gˆ an invertible element of the algebra. Now dene
Fˆ ij = −i[Xˆ i, Xˆj] (6.16)
and
(Fˆ n−1)ij =
1
2n−1(n− 1)!ǫiji1i2···i2n−2 Fˆ
i1i2 · · · Fˆ i2n−3i2n−2 . (6.17)
Note that the spae is 2n dimensional. Using the the symmetrized trae str, i.e.
strFˆ ,Xˆ
(
Fˆ qXˆr
)
=
q!r!
(q + r)!
tr
(
Fˆ qXˆr+ (6.18)
all other possible permutations of q Fˆ ′s and r Xˆ ′s
)
see also [90℄, the expression
Fij(k) = strFˆ ,Xˆ
(
(Fˆ n−1)ijeikjXˆ
j
)
(6.19)
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learly fullls the rst property due to the properties of the trae. Note that
symmetrization is only neessary for spae dimension bigger than 4 due to the
yliity of the trae. In dimensions 2 and 4 we may replae str by the ordinary
trae tr. Fij(k) is the Fourier transform of a losed form if
k[iFjk] = 0 (6.20)
or if the urrent
J i1···i2n−2 = strFˆ ,X
(
Fˆ [i1i2 · · · Fˆ i2n−3i2n−2]eikjFˆ j
)
(6.21)
is onserved, respetively
kiJ
i··· = 0. (6.22)
This is easy to show, if one uses
strFˆ ,Xˆ
(
[kiXˆ
i, Xˆ l]eikjXˆ
j · · ·
)
(6.23)
= strFˆ ,Xˆ
(
[Xˆ l, eikjXˆ
j
] · · ·
)
= strFˆ ,Xˆ
(
eikjXˆ
j
[Xˆ l, · · ·]
)
,
whih an be alulated by simple algebra.
To prove that F has the right ommutative limit, we have to swith to the
⋆-produt formalism and expand the formula in θij. The expression (6.19) now
beomes
F [X ]ij(k) =
∫
d2nx
Pf(θ)
(
(F n−1⋆ )ij ⋆ e
ikjX
j
⋆
)
symF,X
. (6.24)
The expression in brakets has to be symmetrized in F ij and X i for n > 2. Up
to seond order in θij, the ommutator F ij of two ovariant oordinates is
F ij = −i[X i ⋆, Xj ] = θij − θikfklθlj − θkl∂lθijak +O(3) (6.25)
with fij = ∂iaj − ∂jai the ordinary eld strength. Furthermore we have
eikiX
i
⋆ = e
ikixi(1 + ikiθ
ijaj) +O(2). (6.26)
If we hoose an antisymmetri ⋆-produt, the symmetrization will annihilate all
the rst order terms of the ⋆-produts between the F ij and X i, and therefore we
get
−F [X ]ij(k) (6.27)
= −2n
∫
d2nx
ǫθn
(
ǫijθ
n−1 − (n− 1)ǫijθn−2θfθ
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−θkl∂l(ǫijθn−1)ak
)
eikix
i
+O(1)
= −2n
∫
d2nx
ǫθn
(
ǫijθ
n−1 − (n− 1)ǫijθn−2θfθ
−1
2
ǫijθ
n−1fklθkl
)
eikix
i
+O(1)
= d2nx
(
θ−1ij + 2n(n− 1)
ǫijθ
n−2θfθ
ǫθn
−1
2
θ−1ij fklθ
kl
)
eikix
i
+O(1),
using partial integration and ∂i(ǫθ
nθij) = 0. To simplify notation we introdued
ǫijθ
n−1 = ǫiji1j1···in−1jn−1θ
i1j1 · · · θin−1jn−1et. (6.28)
In the last line we have used
θ−1ij = −
(θn−1)ij
Pf(θ)
= −2nǫijθ
n−1
ǫθn
. (6.29)
We will now have a loser look at the seond term, noting that
θij
ǫijθ
n−2θfθ
ǫθn
= − 1
2n
θ−1kl θ
krfrsθ
sl = − 1
2n
frsθ
rs
(6.30)
and therefore
ǫijθ
n−2θfθ
ǫθn
= a
ǫijθ
n−1
ǫθn
frsθ
rs + bfij (6.31)
with a+ b = − 1
2n
. Taking e. g. i = 1, j = 2 we see that
ǫ12···klθn−2θkrfrsθsl = ǫ12···klθn−2(θk1θ2l − θk2θ1l)f12 (6.32)
+terms without f12.
Espeially there are no terms involving f12θ
12
and we get for the two terms on
the right hand side of (6.31)
2aǫ12θ
n−1f12θ12 = −2nbǫ12θ12θn−1f12 (6.33)
and therefore b = − a
n
. This has the solution
a = − 1
2(n− 1) and b =
1
2n(n− 1) . (6.34)
With the resulting
2n(n− 1)ǫijθ
n−2θfθ
ǫθn
=
1
2
θ−1ij fklθ
kl + fij (6.35)
70 6 Covariant oordinates
we nally get
−F [X ]ij(k) =
∫
d2nx
(
θ−1ij + fij
)
eikix
i
+O(1). (6.36)
Therefore
f [X ]ij = F [X ]ij(k)− F [x]ij(k) (6.37)
is a losed form that redues in the ommutative limit to the ommutative Abelian
eld strength. We have found an expression for the inverse Seiberg-Witten map.
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Part II
Matrix model approah

73
Though ⋆-produts are a onvenient tool for studying nonommutativity, their
strength lies mainly in the perturbative regime. For other purposes, espeially
nonperturbative ones, a dierent approah using a dierent representation of the
algebra of funtions on nonommutative spae is better suited.
If we take the simple example of a nonommutative plane with anonial
nonommutativity
[x, y] = iθ, (6.38)
we see immediately that this is nothing but the Heisenberg algebra, for whih
we an use the well known Fok-spae representation. In 2n dimensions, we an
use n suh pairs of oordinates whih upon omplexiation beome reation and
annihilation operators on the Fok-spae. Using this approah, it was possible
to study many nonperturbative features of nonommutative eld theory suh as
solitons and instantons (see e.g. [37℄ for referenes).
We will all this approah matrix model approah, as the gauge theory an be
desribed as a matrix model having the nonommutative spae as its ground state,
the utuations reating the gauge theory. But nonommutative spaetime with
anonial ommutation relations has to be represented on an innite-dimensional
vetorspae, leading to a number of problems. First of all, there are the well
known divergenies of nonommutative gauge theory. Then, the rank of the
gauge group an't be xed in this model [37℄. Therefore we are looking for spaes
that an be represented as nite-dimensional matrix algebras, where everything
is well dened. The spae on whih we will base our onstrutions will be the
fuzzy sphere [73℄, an N-dimensional matrix algebra orresponding to a trunation
of the spherial harmonis on the sphere at angular momentum N − 1. To go
to 4 dimensions, we will use the produt of two suh fuzzy spheres S2N × S2N ,
generated by N2-dimensional matries. In one limit, this fuzzy spae goes over
to the produt of two ommutative spheres, but in a dierent limit, it also goes
to nonommutative R4 with anonial ommutation relations. Our interest will
therefore be twofold: On one hand we will study gauge theory on this fuzzy
spae as the deformation of ommutative gauge theory, on the other hand as a
regularization of gauge theory on R4θ.
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Chapter 7
The anonial ase
Before we study gauge theory on a nite-dimensional fuzzy spae, we rst want
to present the usual matrix model approah to nonommutative gauge theory on
R
4
θ. After a quik look at the innite-dimensional Fok-spae representation of
R4θ, we will show how gauge theory an be formulated as a matrix model with
ground state R4θ. The utuations around this ground state will reate the gauge
theory. Finally we will have a look at a ertain lass of instantons, the so alled
uxon solutions.
7.1 The Heisenberg algebra
In two dimensions, the oordinate algebra with anonial deformation
[x, y] = iθ (7.1)
is nothing but the well known Heisenberg algebra. But now the nonommuta-
tivity isn't between the oordinates and momenta, but between the oordinates
themselves. Of ourse we an use the usual Fok spae representation for this
algebra by rst dening
x± := x± iy (7.2)
with
[x+, x−] = 2θ. (7.3)
The Fok spae is given by
H = {|n〉, nǫN0}, (7.4)
where the reator and annihilator operators at as
x−|n〉 =
√
2θ
√
n + 1|n+ 1〉, x+|n〉 =
√
2θ
√
n|n− 1〉. (7.5)
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This an be generalized to higher dimensions. Any 2n-dimensional algebra with
anonial ommutation relations an by suitable rotations be brought into a form
where it onsists of n pairs of nonommuting variables (7.1). As we will mostly
be onerned with the 4-dimensional ase in the following, we will present it here
in more detail.
The most general nonommutative R4θ is generated by oordinates subjet to
the ommutation relations
[xµ, xν ] = iθµν , (7.6)
where µ, ν ∈ {1, . . . , 4}. Using suitable rotations, θµν an always be ast into the
form
θµν =

0 θ12 0 0
−θ12 0 0 0
0 0 0 θ34
0 0 −θ34 0
 . (7.7)
To simplify the following formulas, we restrit our disussion from now on to the
selfdual ase
θµν =
1
2
εµνρσθρσ (7.8)
and denote
θ := θ12 = θ34; (7.9)
the generalizations to the antiselfdual and the general ase are obvious. In terms
of the omplex oordinates
x±L := x1 ± ix2 , x±R := x3 ± ix4, (7.10)
the ommutation relations (7.6) take the form
[x+a, x−b] = 2θδab, [x+a, x+b] = [x−a, x−b] = 0, (7.11)
where a, b ∈ {L,R}. The Fok-spae representation H of (7.11) has the standard
basis
H = {|n1, n2〉, n1, n2 ∈ N0 }, (7.12)
with
x−L|n1, n2〉 =
√
2θ
√
n1+1|n1+1, n2〉, x+L|n1, n2〉 =
√
2θ
√
n1|n1−1, n2〉
x−R|n1, n2〉 =
√
2θ
√
n2+1|n1, n2+1〉, x+R|n1, n2〉 =
√
2θ
√
n2|n1, n2−1〉 .
(7.13)
The derivatives on this spae are inner, i.e. they are produed by the ommutator
with a oordinate
−iθµν∂ν =̂ [ · , xµ], (7.14)
just as in the ⋆-produt formalism.
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7.2 Nonommutative gauge theory
We an introdue gauge theory by using a matrix ation
S = − (2π)
2
2g2θ2
tr ([Xµ, Xν ]− iθµν)2, (7.15)
where the Xµ are innite-dimensional matries, and the trae is over the Fok
spae (7.12). The ation is obviously onstruted in suh a way as to have the
Fok-spae representation of R4θ as its ground state. As we want the ation to be
invariant under unitary transformations
Xµ → U †XµU, (7.16)
we get utuations Aµ around the ground state xµ as
Xµ = xµ + Aµ. (7.17)
The utuations Aµ are understood as innite-dimensional matries ating on the
Fok spae (7.12) as well. They have to transform as
Aµ → U †[xµ, U ] + U †AµU (7.18)
to make the Xµ gauge ovariant. Remembering that the ommutator with a o-
ordinate produes a derivative, we reognize the orret transformation behavior
for the gauge eld. The gauge ovariant eld strength then reads
iFµν = ([Xµ, Xν ]− iθµν) = [xµ, Aν ]− [xν , Aµ] + [Aµ, Aν ] (7.19)
and the ation (7.15) reads
S =
(2π)2
2g2θ2
tr(FµνFµν). (7.20)
To bring the ation into a form where it resembles more the reator and annihilator
representation, we an also use the omplex ovariant oordinates X±a
X±L = X1 ± iX2 , X±R = X3 ± iX4 (7.21)
and the orresponding eld strength
Fαa,βb = [Xαa, Xβb]− 2θεαβδab (7.22)
with a, b ∈ {L,R} and α, β ∈ {+,−}. The ation (7.15) an now be written in
the form
S =
π2
g2θ2
tr(
∑
a
F+a,−aF+a,−a −
∑
a,b
F+a,+bF−a,−b), (7.23)
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and the equations of motion are given by∑
a,α
[Xαa, (Fαa,βb)
†] = 0 . (7.24)
We now want to disuss a peuliar feature of this formulation of nonommuta-
tive gauge theory. Even though we did onstrut our ation for U(1), it atually
ontains setors for every rank of the gauge group U(n)! This is related to the
fat that in nonommutative gauge theories, the gauge group also ontains trans-
formations ating on spaetime itself. As the size of the matries Xµ isn't xed
(they are innite-dimensional operators), we an't seperate the gauge part of the
unitary transformations from the spaetime part. This an be seen as follows: If
we have
Xµ = xµ (7.25)
as a ground state of the theory, then of ourse
X ′µ =
(
xµ 0
0 xµ
)
(7.26)
is equally a ground state. In fat, the diret sum of n solutions xµ of the equations
of motion will again be a solution. As the ovariant oordinates Xµ = xµ + Aµ
orresponding to the ground state (7.25) produe a U(1) theory, any suh ground
state X ′µ = xµ ⊗ 1n×n an be viewed as the ground state of a U(n) gauge theory,
where the gauge degrees of freedom at on the right hand side of the tensor
produt. The orresponding ovariant oordinate an then be written as
X ′µ = xµ ⊗ 1n×n + Aµ,aT a, (7.27)
with the T a are generalized Gellman matries for U(n), produing a U(n) gauge
theory. So the matrix ation (7.15) annot be restrited to one gauge group, it
ontains setors with all U(n). As we will see in hapter 10, this problem an be
xed in a regularized theory.
7.3 U(1) instantons on R4θ
We will for the moment stik to the U(1)-setor of the theory and look for solutions
of the equations of motion (7.24) whih an be understood as instantons of the
gauge theory.
On nonommutative R2θ, all U(1)-instantons were onstruted and lassied in
[50℄. They an be interpreted as loalized ux solutions, sometimes alled uxons.
The situation on R4θ is more ompliated, and there are dierent types of non-
trivial U(1) instanton solutions on R4θ. Assuming that θµν is self-dual, there are
7 The anonial ase 79
two types of instantons: rst, there exist straightforward generalizations of the
two-dimensional loalized uxon solutions with self-dual eld strength. As in the
two-dimensional ase, we will refer to these 4-dimensional solutions as uxons.
There are other types of U(1) instantons on R4θ, whih were found through
a nonommutative version of the ADHM equations [88, 41, 27, 55, 61, 101℄, in
partiular anti-selfdual instantons whih are muh less loalized than the uxon
solutions. However, we will onentrate on the generalizations of [50℄, as they will
beome important for us in hapter 10.
For the onstrution of the uxons, let us onsider a nite dimensional sub-
vetorspae Vn of the Fok-spae H of dimension n spanned by a nite set of
vetors |n1, n2〉 ∈ H,
Vn = 〈{|ik, jk〉; k = 1, ..., n}〉 . (7.28)
We introdue a partial isometry
1 S mapping H to H \ Vn , whih has
S†S = 1l, (7.29)
SS† = 1l− P
Vn
(7.30)
with the projetion operator onto the subspae Vn
P
Vn
:=
n∑
k=1
|ik, jk〉〈ik, jk|. (7.31)
Following [50℄ one then nds solutions to the equations of motion given by
2
X
(n)
+L := Sx+LS
† +
n∑
k=1
γLk |ik, jk〉〈ik, jk| (7.32)
X
(n)
+R := Sx+RS
† +
n∑
k=1
γRk |ik, jk〉〈ik, jk| , (7.33)
and X
(n)
−a = (X
(n)
+a )
†
. Here γL,Rk ∈ C determine the position of the uxons. The
eld strength Fµν for this solution is
Fµν = PVnθµν . (7.34)
In partiular, the ation orresponding to the instanton solution (7.32,7.33) is
proportional to the dimension of the subspae Vn
S[X
(n)
±a ] =
8π2
g2
tr(P
Vn
) =
8π2
g2
n. (7.35)
1
If we index the basis of H as |ik, jk〉 with k ∈ N and assume that V is spanned by the rst
n vetors (whih we an always get by using a suitable unitary transformation), S an be given
by S : |ik, jk〉 → |ik+n, jk+n〉.
2
Note that [X
(n)
+L , X
(n)
+R] = [X
(n)
+L, X
(n)
−R] = [X
(n)
−L, X
(n)
+R] = [X
(n)
−L, X
(n)
−R] = 0 .
80 7 The anonial ase
Sine they an be interpreted as loalized ux, these U(1)-instanton solutions for
R4θ are alled uxons. The loalization an be seen as follows: reall [42℄ that
the above projetion operators an be represented on the spae of ommutative
funtions (using a normal-ordering presription) as
|k1, k2〉〈k1, k2| ∼= 1
k1!k2!
(
x−L√
2θ
)k
1
(
x+L√
2θ
)k
1
(
x−R√
2θ
)k
2
(
x+R√
2θ
)k
2
e−
x+Lx−L
2θ
−x+Rx−R
2θ .
(7.36)
Hene the above eld strengths Fµν = PVnθµν are superpositions of Gauss-funtions
whih are loalized in a region in spae of size
√
θ.
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Chapter 8
Fuzzy spaes
In this hapter we will present a 4-dimensional nonommutative spae that has
the advantage of having nite dimensional representations. Therefore, the gauge
theory we will onstrut on it in hapter 9 will be well dened and all alulations
will beome nite. Using this spae we will be able to regularize both R4θ itself in
hapter 8.3 and gauge theory on R4θ in hapter 10.
8.1 The fuzzy sphere S2N
We start by realling the denition of a 2-dimensional spae, the fuzzy sphere
introdued in [73℄. The algebra of funtions on the fuzzy sphere is the nite alge-
bra S2N generated by Hermitian operators xi = (x1, x2, x3) satisfying the dening
relations
[xi, xj] = iΛNǫijkxk, (8.1)
x21 + x
2
2 + x
2
3 = R
2. (8.2)
They are obtained from theN-dimensional representation of su(2) with generators
λi (i = 1, 2, 3) and ommutation relations
[λi, λj] = iǫijkλk,
3∑
i=1
λiλi =
N2 − 1
4
(8.3)
(see Appendix C.1) by identifying
xi = ΛN λi, ΛN =
2R√
N2 − 1 . (8.4)
The nonommutativity parameter ΛN is of dimension length. The algebra of
funtions S2N therefore oinides with the simple matrix algebra Mat(N,C). The
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normalized integral of a funtion f ∈ S2N is given by the trae∫
S2
N
f =
4πR2
N
tr(f). (8.5)
The funtions on the fuzzy sphere an be mapped to funtions on the ommutative
sphere S2 using the deomposition into harmonis under the ation
Jif = [λi, f ] (8.6)
of the rotation group SU(2). One obtains analogs of the spherial harmonis up
to a maximal angular momentum N − 1. Therefore S2N is a regularization of
S2 with a UV uto, and the ommutative sphere S2 is reovered in the limit
N → ∞. Note also that for the standard representation (C.2), entries in the
upper-left blok of the matries orrespond to funtions loalized at x3 = R.
In partiular, the fuzzy delta-funtion at the north pole is given by a suitably
normalized projetor of rank 1,
δ(2)NP (x) =
N
4πR2
|N − 1
2
〉〈N − 1
2
| (8.7)
where |N−1
2
〉 is the highest weight state with maximal eigenvalue of λ3. Delta-
funtions with arbitrary loalization are obtained by rotating (8.7).
8.2 S2NL × S2NR
The simplest 4-dimensional generalization of the above is the produt S2NL×S2NR of
2 suh fuzzy spheres, with generally independent parameters NL,R. It is generated
by a double set of representations of su(2) ommuting with eah other, i. e. by
λLi , λ
R
i satisfying
[λLi , λ
L
j ] = iǫijkλ
L
k , [λ
R
i , λ
R
j ] = iǫijkλ
R
k , (8.8)
[λLi , λ
R
j ] = 0
for i, j = 1, 2, 3, and Casimirs
3∑
i=1
λLi λ
L
i =
N2L − 1
4
,
3∑
i=1
λRi λ
R
i =
N2R − 1
4
. (8.9)
This an be realized as a tensor produt of 2 fuzzy sphere algebras
λLi = λi ⊗ 1NR×NR, (8.10)
λRi = 1NL×NL ⊗ λi, (8.11)
8 Fuzzy spaes 83
hene as algebra we have S2NL × S2NR ∼= Mat(N ,C) where
N = NLNR. (8.12)
The normalized oordinate funtions are given by
xL,Ri =
2R√
(NL,R)2 − 1 λ
L,R
i ,
∑
(xLi )
2 = R2 =
∑
(xRi )
2. (8.13)
This spae
1
an be viewed as regularization of S2 × S2 ⊂ R6, and admits the
symmetry group SU(2)L × SU(2)R ⊂ SO(6). The generators xL,Ri should be
viewed as oordinates in an embedding spae R6. The normalized integral of a
funtion f ∈ S2NL × S2NR is now given by∫
S2
NL
×S2
NR
f =
16π2R4
N tr(f) =
V
N tr(f), (8.14)
where we dene the volume V := 16π2R4. We will mainly onsider NL = NR in
the following.
8.3 The limit to the anonial ase R
4
θ
It is well-known [28℄ that if a fuzzy sphere is blown up near a given point, it
an be used to obtain a (ompatied) nonommutative plane with anonial
ommutation relations: Consider the tangential oordinates x1,2 near the north
pole x3 = R. Setting
R2 = Nθ/2, (8.15)
they satisfy the ommutation relations
[x1, x2] = i
2R
N
x3 = i
2R
N
√
R2 − x21 − x22 = iθ +O(1/N). (8.16)
Therefore in the double saling limit with N, R→∞ keeping θ xed, we reover2
the ommutation relation of the anonial ase,
[x1, x2] = iθ (8.17)
1
In priniple one ould also introdue dierent radii RL,R for the 2 spheres, but for simpliity
we will keep only one sale parameter R (and sometimes we will set R = 1).
2
One ould be more sophistiated and use the stereographi projetions as in [28℄, whih
leads essentially to the same results.
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up to orretions of order
1
N
. Similarly, starting with S2NL × S2NR and setting
R2 = NL,RθL,R/2, (8.18)
we obtain in the large NL, NR limit
[xLi , x
L
j ] = iǫijθ
L, [xRi , x
R
j ] = iǫijθ
R, (8.19)
[xLi , x
R
j ] = 0.
This is the most general form of R4θ with oordinates (x1, ..., x4) ≡ (xL1 , xL2 , xR1 , xR2 )
(after a suitable orthogonal transformation). The integral of a funtion f(x) then
beomes ∫
S2
NL
×S2
NR
f(x)→ 4π2θLθRtr(f(x)) =:
∫
R
4
θ
f(x), (8.20)
whih has indeed the standard normalization, giving eah Plank ell the ap-
propriate volume.
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Chapter 9
Gauge theory on fuzzy S2 × S2
Now that we have the fuzzy spae S2NL × S2NR orresponding to N 2-dimensional
matries, we want to onstrut a matrix model having S2NL × S2NR as its ground
state. As in the anonial ase, the utuations around this ground state will
produe a gauge theory. But as the matries are now nite-dimensional, the
model will be well dened and nite.
We will start with the most obvious formulation, gauging every oordinate
seperately. But there is also a more elegant formulation using olletive matries.
This will be espeially usefull to introdue fermions, whih an be embedded very
naturally in this framework.
We will also study non-trivial solutions of the EOMs, identifying some of them
as the monopoles on the ommutative S2×S2, while others will beome important
in the limit to R4θ in the following hapter.
9.1 Gauge theory
In the fuzzy ase, it is natural to onstrut S2L × S2R as a submanifold of R6.
We therefore onsider a multi-matrix model with 6 dynamial elds (ovariant
oordinates) BLi and B
R
i (i = 1, 2, 3), whih are N ×N Hermitian matries. As
ation we hoose the following generalization of the ation in [96℄,
S =
1
g2
∫
1
2
Fia jbFia jb + ϕ
2
L + ϕ
2
R (9.1)
with a, b = L,R and i, j = 1, 2, 3; summation over repeated indies is implied.
Here ϕL,R are dened as
ϕL :=
1
R2
(BLi B
L
i −
N2L − 1
4
), ϕR :=
1
R2
(BRi B
R
i −
N2R − 1
4
), (9.2)
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and R denotes the radius of the two spheres, whih we keep expliitly to have the
orret dimensions. The eld strength is dened by
FiL jL =
1
R2
(i[BLi , B
L
j ] + ǫijkB
L
k ), (9.3)
FiR jR =
1
R2
(i[BRi , B
R
j ] + ǫijkB
R
k ),
FiL jR =
1
R2
(i[BLi , B
R
j ]).
This model (9.1) is manifestly invariant under SU(2)L × SU(2)R rotations at-
ing in the obvious way, and U(N ) gauge transformations ating as BL,Ri →
UBL,Ri U
−1
. We will see below that this redues indeed to the U(1) Yang-Mills
ation on S2 × S2 in the ommutative limit. Note that if the ation (9.1) is on-
sidered as a matrix model, the radius drops out using (8.14). The equations of
motion for BLi are
{BLi , BLj BLj −
N2L − 1
4
}+ (BLi + iǫijkBLj BLk ) (9.4)
+iǫijk[B
L
j , (B
L
k + iǫkrsB
L
r B
L
s )] + [B
R
j , [B
R
j , B
L
i ]] = 0,
and those for BRi are obtained by exhanging L ↔ R. By onstrution, the
minimum or ground state of the ation is given by F = ϕ = 0, hene BL,Ri = λ
L,R
i
as in (8.10,8.11) up to gauge transformations; p. [53℄ for a similar approah on
CP 2. We an therefore expand the ovariant oordinates BLi and B
R
i around the
ground state
Bai = λ
a
i +RA
a
i , (9.5)
where a ∈ {L,R} and Aai is small. Then AL,Ri transforms under gauge transfor-
mations as
AL,Ri → A′L,Ri = UAL,Ri U−1 + U [λL,Ri , U−1], (9.6)
and the eld strength takes a more familiar form
1
,
FiL jL = i([
λLi
R
,ALj ]− [
λLj
R
,ALi ] + [A
L
i , A
L
j ]), (9.7)
FiR jR = i([
λRi
R
,ARj ]− [
λRj
R
,ARi ] + [A
R
i , A
R
j ]),
FiL jR = i([
λLi
R
,ARj ]− [
λRj
R
,ALi ] + [A
L
i , A
R
j ]).
So far, the spheres are desribed in terms of 3 Cartesian ovariant oordinates
eah. In the ommutative limit, we an separate the radial and tangential degrees
1
We do not distinguish between upper and lower indies L,R.
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of freedom. There are many ways to do this; perhaps the most elegant for the
present purpose is to note that the terms
∫
ϕ2L+ϕ
2
R in the ation imply that ϕL,R
is bounded for ongurations with nite ation. Using
ϕL =
λLi
R
ALi + A
L
i
λLi
R
+ ALi A
L
i , (9.8)
and similarly for ϕR it follows that
xiA
a
i + A
a
i xi = O(
ϕ
N
) (9.9)
for nite Aai . This means that A
a
i is tangential in the (ommutative) large N
limit. Alternatively, one ould onsider φL = NϕL, whih would aquire a mass
of order N and deouple from the other elds2. The ommutative limit of (9.1)
therefore gives the standard ation for eletrodynamis on S2 × S2,
S =
1
2g2
∫
S2×S2
F tia jbF
t
ia jb (9.10)
with a, b = L,R and i, j = 1, 2, 3. Here F tiL jR denotes the usual tangential eld
strength. This an be seen most easily by noting that e.g. at the north pole
xL,R3 = R, one an replae
i[
λL,Ri
R
, ·] → −εij ∂
∂xL,Rj
(9.11)
in the ommutative limit, so that upon identifying the ommutative gauge elds
A
(cl)
i via
A
(cl)L,R
i = −εijAL,Ri (9.12)
the eld strength is given by the standard expression F tiL jR = ∂
L
i A
(cl)R
j −∂Rj A(cl)Li
et.
U(k) gauge theory
The above ation generalizes immediately to the nonabelian ase, keeping pre-
isely the same ation (9.1), (9.2), but replaing the matries BL,Ri by kN × kN
matries, p. [96℄. The onstraint term will then impose as ground state λ
L/R
i ⊗
1k×k. Expanding the ovariant oordinates B
L,R
i = λ
L/R
i ⊗1k×k+AL/Ri,a T a in terms
of the Gellman matries T a, the ation (9.1) is the fuzzy version of nonabelian
U(k) Yang-Mills on S2 × S2.
2
The onstraints ϕL = 0 = ϕR ould also be imposed by hand; however the suppression
through the above terms in the ation is more exible, as we will see in hapter 9.5.
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9.2 A formulation based on SO(6)
The above ation an be ast into a nier form by assembling the matries BL,Ri
into bigger olletive matries, following [96℄. Sine it is natural from the fuzzy
point of view to embed S2 × S2 ⊂ R6 with orresponding embedding of the
symmetry group SO(3)L × SO(3)R ⊂ SO(6), we onsider
Bµ = (B
L
i , B
R
i ) (9.13)
to be the 6 -dimensional irrep of so(6) ∼= su(4). Sine (4)⊗ (4) = (6)⊕ (10), it is
natural to introdue the intertwiners
γµ = (γ
L
i , γ
R
i ) = (γµ)
α,β
(9.14)
where α, β denote indies of (4). We ould then assemble our dynamial elds
into a single 4N × 4N matrix
B = Bµγµ + const · 1l. (9.15)
Of ourse the most general suh 4N × 4N matrix ontains far too many degrees
of freedom, and we have to onstrain these B further. Sine SU(4) ats on B
as B → UTBU , the γµ an be hosen as totally anti-symmetri matries, whih
preisely singles out the (6) ⊂ (4)⊗ (4). One an moreover impose
(γLi )
† = γLi , (γ
R
i )
† = −γRi , (9.16)
and
γLi γ
L
j = δij + iǫijkγ
L
k , (9.17)
γRi γ
R
j = −δij − ǫijkγRk , (9.18)
[γLi , γ
R
j ] = 0, (9.19)
whih will be assumed from now on; we will give two expliit suh representa-
tions in (D.5), (C.5). This would suggest to onstrain B to be antisymmetri.
However, the omponent elds Bµ are naturally onsidered as Hermitian rather
than symmetri matries. Furthermore, sine the γµ = (γµ)
α,β
have two upper
indies, they do not form an algebra. There are two ways to proeed. We an
either separate them again by introduing two 4N × 4N matries,
BL =
1
2
+BLi γ
L
i , B
R =
i
2
+BRi γ
R
i , (9.20)
breaking SO(6) → SO(3) × SO(3). This will be pursued in Appendix D.1.
Alternatively, we an use the γµ with the above properties to onstrut the 8× 8
Gamma-matries
Γµ =
(
0 γµ
γµ† 0
)
, (9.21)
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whih generate the SO(6)-Cliord algebra
{Γµ,Γν} =
(
γµγν† + γνγµ† 0
0 γµ†γν + γν†γµ
)
= 2δµν . (9.22)
This suggests to onsider the single Hermitian 8N × 8N matrix
C = ΓµBµ + C0 =
(
0 BL
BL 0
)
+
(
0 BR
−BR 0
)
=: CL + CR, (9.23)
where C0 = C
L
0 + C
R
0 denote the onstant 8× 8-matries
CL0 = −
i
2
ΓL1Γ
L
2Γ
L
3 =
1
2
(
0 1
1 0
)
, (9.24)
CR0 = −
i
2
ΓR1 Γ
R
2 Γ
R
3 =
i
2
(
0 1
−1 0
)
(9.25)
in the above basis. Using the Cliord algebra and the above denitions one then
nds
C2 = BµBµ +
1
2
+ Σµν8 Fµν . (9.26)
Here Σµν8 = − i4 [Γµ,Γν], and the eld strength Fµν oinides with the denition in
(9.3) if written in the L− R notation,
Fia jb = i[Bia, Bjb] + δabǫijkBka. (9.27)
Therefore the ation
S6 = Tr((C
2 − N
2
2
)2) = 8tr(BµBµ − N
2 − 1
2
)2 + 4trFµνFµν (9.28)
is quite lose to what we want. The only dierene is the term (BµBµ − N2−12 )2
instead of (BiLBiL − N
2
L−1
4
)2 + (BiRBiR − N
2
R−1
4
)2, for 2N2 = N2L + N
2
R. This
dierene is easy to understand: sine (9.28) is SO(6)-invariant, the ground state
should be some S5. We therefore have to break this SO(6)- invariane expliitly,
whih will be done in the next hapter. However before doing that, let us try
to understand ation (9.28) better and see whether it leads to a meaningful 4-
dimensional eld theory. We show in Appendix D.2 by arefully integrating out
the salar omponents of BL,Ri that the SO(6)- invariant onstraint term in (9.28)
indues the seond term in the following eetive ation
Seff6 ∼ 4tr
(
FµνFµν − (FiLxiL − FiRxiR) 1
4(1
2
− ∂µ∂µ)(FiLxiL − FiRxiR)
)
(9.29)
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in the ommutative limit, where FiL =
1
2
ǫijkFjLkL et. Comparing the seond term
with FµνFµν , we see that the zero mode of the Laplae operator ∂µ∂µ an produe a
ontribution that anels the orresponding ontribution from FµνFµν , but that all
higher modes are smaller by at least a fator of 2(1
2
−∂µ∂µ). Therefore, the ation
(9.28) is positive denite exept for the obvious zero mode δBLi = ǫ, δB
R
i = −ǫ.
This means that the geometry of S2L × S2R is loally stable even with the SO(6)-
symmetry unbroken, exept for opposite utuations of the radii.
9.2.1 Breaking SO(6)→ SO(3)× SO(3)
To obtain the original ation (9.1) for S2 × S2, we have to break the SO(6)-
symmetry down to SO(3) × SO(3). We an do this by using the left and right
gauge elds CL and CR introdued in (9.23) separately. Their squares are
C2L = BiLBiL +
1
4
+
(
γiL 0
0 γiL
)
(BiL + iǫijkBjLBkL), (9.30)
C2R = BiRBiR +
1
4
− i
(
γiR 0
0 γiR
)
(BiR + iǫijkBjRBkR).
As both γiL, γ
i
R and γ
i
Lγ
j
R are traeless, we have
Sbreak := 2Tr((C
2
L −
N2L
4
)(C2R −
N2R
4
)) (9.31)
= 16Tr((BiLBiL − N
2
L − 1
4
)(BiRBiR − N
2
R − 1
4
)).
With these terms we an reover our ation as
S = S6 − Sbreak = Tr
(
(C2 − N
2
2
)2 − 2(C2L −
N2L
4
)(C2R −
N2R
4
)
)
(9.32)
= 8 tr
(
(BiLBiL − N
2
L − 1
4
)2 + (BiRBiR − N
2
R − 1
4
)2 +
1
2
FµνFµν
)
,
whih is preisely the ation (9.1) for gauge theory on S2NL × S2NR omitting the
overall onstants. Hene the ation is formulated as a 2-matrix model, however
with highly onstrained matries CL, CR. This formulation using the Gamma-
matries is very natural and useful if one wants to ouple the gauge elds to
fermions, as disussed in hapter 9.4.
For simpliity, we will only onsider NL = NR = N from now on.
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9.3 Quantization
The quantization of the gauge theory dened by (9.1) or its reformulation (9.32)
is straightforward in priniple, by a path integral over the Hermitian matries
Z[J ] =
∫
dBµe
−S[Bµ]+trBµJµ. (9.33)
Note that there is no need to x the gauge sine the gauge group U(N ) is ompat.
The above path integral is well-dened and nite for any xed N . To see this, it
is enough to show that the integral∫
dBµe
−(BLi BLi −N
2−1
4
)2−(BRi BRi −N
2−1
4
)2
(9.34)
onverges, sine the ontributions from the eld strength further suppress the
integrand. This integral is obviously onvergent for any xed N .
For perturbative omputations it is neessary to x the gauge, and to sub-
stitute gauge invariane by BRST-invariane. Suh a gauge-xed ation will be
presented next.
9.3.1 BRST Symmetry
To onstrut a gauge-xed BRST-invariant ation, we have to introdue ghost
elds c and anti-ghost elds c¯. These are fermioni elds, more preisely N ×N−
matries with entries whih are Grassman variables.
The full gauge-xed ation reads:
SBRST = S +
1
N tr
(
c¯[λµ, [Bµ, c]]− (α
2
b− [λµ, Bµ])b
)
, (9.35)
where b is an auxiliary (Nakanishi-Lautrup) eld. This ation is invariant with
respet to the following BRST-transformations:
sBµ = [Bµ, c] sc = cc (9.36)
sc¯ = b sb = 0
(matrix produt is understood), where the BRST-dierential s ats on a produt
of elds as follows:
s(XY ) = X(sY ) + (−1)εY (sX)Y . (9.37)
Here εY denotes the Grassman-parity of Y
εY =
{
0 Y bosoni
1 Y fermioni .
(9.38)
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It is not diult to hek that these BRST-transformations are indeed nilpotent,
i.e.
s2 = 0 . (9.39)
Integrating out the auxiliary eld b leads to the following ation
S ′BRST = S +
1
N tr
(
c¯[λµ, [Bµ, c]]− 1
2α
[λµ, Bµ][λν , Bν ]
)
. (9.40)
Setting α = 1 orresponds to the Feynman gauge. This is indeed what one would
obtain by the Faddeev-Popov proedure. The ation S ′ is invariant with respet
to the following operations:
s′Bµ = [Bµ, c] (9.41)
s′c = cc
s′c¯ = [λµ, Bµ] .
Sine we have used the equations of motion of b, the BRST-dierential s′ is not
nilpotent o-shell anymore, but we still have
s′2|
on−shell = 0 . (9.42)
9.4 Fermions
To introdue spinors on fuzzy S2 × S2, we will rst have to have a look at the
ommutative ase. There, we will alulate the Dira operator and bring it into
a form whih is more suitable for the fuzzy ase. The formulation of fuzzy gauge
theory using the SO(6)-Cliord algebra will proove very usefull, and the fuzzy
Dira operator will be a simple generalization of the ommutative one. But this
Dira operator (beause it is based on SO(6) instead of SO(3)× SO(3)) will be
reduible, whih is why we will have to introdue projetors onto the physial
Dira fermions. Chirality an be introdued either using the hirality operator
inherited from SO(6) or using a Ginsparg-Wilson system.
9.4.1 The ommutative Dira operator on S2 × S2
To nd a form of the ommutative Dira operator on S2 × S2 whih is suitable
for the fuzzy ase, one an generalize the approah of [51℄ for S2, whih is arried
out in detail in Appendix D.3.3: One an write the at SO(6) Dira operator
D6 in 2 dierent forms, using the usual at Eulidean oordinates and also using
the spherial oordinates of the spheres. Then one an relate D6 with the urved
four-dimensional Dira operator D4 on S
2×S2 in the same spherial oordinates.
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This leads to an expliit expression for D4 involving only the angular momen-
tum generators, whih is easy to generalize to the fuzzy ase. In terms of these
tangential derivatives Jµ, the result beomes the simple expression
D4 = Γ
µJµ +
(
0 1
1 0
)
+ i
(
0 1
−1 0
)
= ΓµJµ + 2C0, (9.43)
whih is learly a SO(3)×SO(3)-ovariant Hermitian rst-oder dierential oper-
ator. Here Γµ generate the SO(6) Cliord algebra (9.22), C0 is dened in (9.25),
and we put R = 1 for simpliity here. However this Dira operator is reduible,
ating on 8-dimensional spinors Ψ8 orresponding to the SO(6) Cliord algebra.
Hene Ψ8 should be a ombination of two independent 4-omponent Dira spinors
on the 4-dimensional spae S2 × S2. To see this, we will onstrut expliit pro-
jetors projeting onto these 4-dimensional spinors, and identify the appropriate
4-dimensional hirality operators. This will provide us with the desired physial
Dira or Weyl fermions.
9.4.2 Chirality and projetions for the spinors
There are 3 obvious operators whih anti-ommute with D4. One is the usual
6-dimensional hirality operator
Γ := iΓL1Γ
L
2Γ
L
3Γ
R
1 Γ
R
2 Γ
R
3 =
( −1 0
0 1
)
, (9.44)
whih satises
{D4,Γ} = 0, Γ† = Γ, Γ2 = 1. (9.45)
The 8-omponent spinors Ψ8 split aordingly into two 4-omponent spinors Ψ8 =(
ψα
ψβ
)
, whih transform as 4 resp. 4 under so(6) ∼= su(4); reall the related
disussion in hapter 9.2. The other operators of interest are
χL = Γ
iLxiL and χR = Γ
iRxiR. (9.46)
They preserve SO(3)× SO(3) ⊂ SO(6), and satisfy
{D4, χL,R} = 0 = {χL, χR} (9.47)
as well as
χ2L,R = 1. (9.48)
We will also use
χ =
1√
2
Γµxµ =
1√
2
(χL + χR) (9.49)
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whih satises similar relations. This means that
P± =
1
2
(1± iχLχR) (9.50)
with
P 2± = P±, P+ + P− = 1 and P+P− = 0 (9.51)
are Hermitian projetors ommuting with the Dira operator on S2 × S2 as well
as with Γ,
P †± = P± and [P±, D4] = [P±,Γ] = 0. (9.52)
Therefore they projet onto subspaes whih are preserved by D4 and Γ. Hene
the spinor Lagrangian an be written as
Ψ†8D4Ψ8 = Ψ
†
+D4Ψ+ +Ψ
†
−D4Ψ− (9.53)
involving two Dira spinors Ψ± = P±Ψ8. In order to get one 4-omponent Dira
spinor, we an e.g. impose the onstraint
P+Ψ8 = Ψ8, (9.54)
or equivalently give one of the two omponents a large mass, by adding a term
M Ψ†8P−Ψ8 (9.55)
to the ation with M → ∞. The physial hirality operator is now identied
using (9.52) and (9.45) as Γ ating on Ψ+. It an be used to dene 2-omponent
Weyl spinors on S2 × S2.
To make the above more expliit, onsider the a pole of the spheres, i.e.
xL =
 10
0

and xR =
 10
0
 . (9.56)
In the basis (9.21) for the Cliord algebra we then get expliitly
P± =
1
2
(1± i
( −γ1Lγ1R 0
0 γ1Lγ
1
R
)
) =
1
2
(1± σ3 ⊗ σ3 ⊗ σ3). (9.57)
This means that
P+ = diag(1, 0, 0, 1, 0, 1, 1, 0) (9.58)
projets onto a 4-dimensional subspae exatly as expeted.
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9.4.3 Gauged fuzzy Dira and hirality operators
To nd a fuzzy analogue of the Dira operator (9.43) oupled to the gauge elds,
we reall the onnetion between the gauge theory on S2 × S2 and the SO(6)
Gamma matries established in hapter 9.2. In the spirit of that hapter a natural
fuzzy spinor ation would involve
Ψ†CΨ, (9.59)
where Ψ is now a 8N × N -matrix (with Grassman entries). Of ourse, (9.59)
does not have the appropriate ommutative limit, but we an split C into a fuzzy
Dira operator D̂ and the operator χ̂ dened by
χ̂Ψ =
√
2
N
(ΓµΨλµ − C0Ψ), (9.60)
whih generalizes (9.49); here we used the denition (9.24,9.25) of C0. This
operator satises
χ̂2 = 1, (9.61)
and redues to (9.49) in the ommutative limit. Note also that χ̂ ommutes
with gauge transformations, sine the oordinates λµ are ating from the right in
(9.60). Setting
ĴµΨ = [λµ,Ψ], (9.62)
we get for the fuzzy Dira operator
D̂ = C − N√
2
χ̂ = Γµ(Ĵµ + Aµ) + 2C0 = Γ
µDµ + 2C0. (9.63)
Here
3
D̂µ := Ĵµ + Aµ (9.64)
is a ovariant derivative operator, i.e. D̂µψ → UD̂µψ whih is easily veried
using (9.6). This D̂ learly has the orret ommutative limit (9.43) for vanishing
A, and the gauge elds are oupled orretly. In partiular, this denition of
D̂ applies also to the topologially non-trivial solutions of hapter 9.5 without
any modiations. Moreover, the hirality operator Γ as dened in (9.44) anti-
ommutes with D̂ also in the fuzzy ase,
{D̂,Γ} = 0. (9.65)
3
We set R = 1 in this hapter for simpliity.
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Furthermore, using some identities given at the beginning of hapter 9.2 we obtain
for D̂2ψ:
D̂2ψ = (ΣµνFµν + D̂µD̂µ + {Γµ, C0}D̂µ + 2)ψ (9.66)
=: (ΣµνFµν + ̂+ 2)ψ,
dening the ovariant 4-dimensional Laplaian ̂ ating on the spinors. This
orresponds to the usual expression for D̂2 on urved spaes, and the onstant
2 is due to the urvature salar. Sine D̂2 and ΣµνFµν are both Hermitian and
ommute with Γ and P̂± as dened in (9.69) in the large N limit, it follows that
̂ satises these properties as well.
9.4.4 Projetions for the fuzzy spinors
For the fuzzy ase, we an again onsider the following operators
χ̂LΨ =
2
N
(ΓiLΨλiL + C
L
0 Ψ), (9.67)
χ̂RΨ =
2
N
(ΓiRΨλiR + C
R
0 Ψ)
whih satisfy
χ̂2L,R = 1, {χ̂L, χ̂R} = 0 . (9.68)
This implies (χ̂Lχ̂R)
2 = −1, and we an write down the projetion operators
P̂± =
1
2
(1± iχ̂Lχ̂R) (9.69)
whih have the ommutative limit (9.50) and the properties (9.51). However, the
projetor no longer ommutes with the fuzzy Dira operator (9.63):
[D̂, χ̂Lχ̂R] = {D̂, χ̂L}χ̂R − χ̂L{D̂, χ̂R} (9.70)
= − 2
N
((
2(λiL + AiL)ĴiL − 2AiLλiL + 2CL0 ΓiLD̂iL + 1
)
χ̂R
−χ̂L
(
2(λiR + AiR)ĴiR − 2AiRλiR + 2CR0 ΓiRD̂iR + 1
))
,
whih only vanishes for N →∞ and tangential Aµ (9.9). To redue the degrees
of freedom to one Dira 4-spinor, we should therefore add a mass term
M Ψ†8P̂−Ψ8 (9.71)
whih for M → ∞ suppresses one of the spinors, rather than impose an exat
onstraint as in (9.54). This is gauge invariant sine P̂± ommutes with gauge
transformations,
P̂±ψ → UP̂±ψ . (9.72)
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The omplete ation for a Dira fermion on fuzzy S2N × S2N is therefore given by
SDirac =
∫
Ψ†8(D̂ +m)Ψ8 +M Ψ
†
8P̂−Ψ8 (9.73)
with M →∞. The physial hirality operator is given by Γ (9.44), whih allows
to onsider Weyl spinors as well.
9.4.5 The Ginsparg-Wilson relations
There is an alternative approah to introdue hirality on fuzzy spaes, using the
Ginsparg-Wilson relations. These were initially designed to study hiral fermions
on the lattie [43℄, but they proved to be appliable to fuzzy fermions as well
[9, 10℄. On the fuzzy sphere, the Dira and the hirality operator an be ast
into a form in whih they fulll these relations. This makes it possible to study
issues suh as topologial properties and index theory [6, 102℄. We will see that
the same relations an be formulated for our model, too.
A Ginsparg-Wilson system onsists of two involutions Γ and Γ′, i.e.
Γ2 = 1 ; Γ† = Γ and Γ′2 = 1 ; Γ′† = Γ′. (9.74)
In our ase, these two involutions are dened as two dierent nonommutative
versions of hirality, one ating from the left, the other one ating from the right
ΓΨ =
√
2
N
(Γµλµ + C0)Ψ, (9.75)
Γ′Ψ =
√
2
N
(ΓµΨλµ − C0Ψ). (9.76)
We reognize Γ′ as the fuzzy operator (9.60). But also Γ has the ommutative
operator (9.49) as its limit.
In the Ginsparg-Wilson system, the Dira operator was initially dened to be
d =
1
a
Γ(Γ− Γ′), (9.77)
where a is the lattie spaing, but here we will hoose
D =
N
2
√
2(Γ− Γ′), (9.78)
as this reprodues our fuzzy Dira operator (9.63) (with gauge elds swithed
o). We an now dene an alternative hirality operator
χ =
1
2
(Γ + Γ′). (9.79)
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It fullls
{D,χ} = 0, (9.80)
2N2χ2 +D2 = 2N2.
Therefore χ exatly antiommutes with D, but it vanishes on the top modes of D,
i.e. for |D| = √2N . But at least for every eigenstate ΨE with positive eigenvalue
E <
√
2N
DΨE = EΨ, (9.81)
the ungauged fuzzy Dira operator has also an eigenstate Ψ−E = χΨE with the
negative eigenvalue −E beause of
DΨ−E = DχΨ = −χDΨ = −χEΨ = −EΨ−E . (9.82)
This an be used [6℄ to derive the following index theorem for D
Ind(D) = n+ − n− = Tr(χ). (9.83)
To inlude gauge elds, we an write
ΓA =
√
2
N
(Γµ(λµ + Aµ) + C0) =
√
2
N
C. (9.84)
With
DA =
N
2
√
2(ΓA − Γ′), (9.85)
χA =
1
2
(ΓA + Γ
′) (9.86)
we now get
{D,χ} = N
2
√
2(Γ2A − 1) (9.87)
=
N
2
√
2(
2
N2
(BµBµ +
1
2
+ Σµν8 Fµν)− 1)
=
√
2
N
(BµBµ +
N2 − 1
2
+ Σµν8 Fµν),
whih orresponds exatly to the result of [102℄ for the fuzzy sphere. Other results
of [102℄ are therefore expeted to hold in our ase, too.
Alternatively, the gauge elds ould also be introdued in a way that is loser
to the Ginsparg-Wilson setting by normalizing ΓA.
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9.5 Topologially non-trivial solutions on S2N ×S2N
We will now go bak to pure gauge theory on S2N × S2N , looking for non-trivial
solutions of the equations of motion (9.4). We will nd that the theory is rih
in topologial solutions, some orresponding to monopoles on the ommutative
limit S2 × S2, others orresponding to the uxon solutions found on the seond
limit R4θ.
In order to understand better the non-trivial solutions found below, we rst
note that the lassial spae S2 × S2 is sympleti with sympleti form
ω = ωL + ωR, (9.88)
where
ωL =
1
4πR3
ǫijkx
L
i dx
L
j dx
L
k (9.89)
and similarly ωR. The normalization is hosen suh that∫
S2
L,R
ωL,R = 1 =
∫
S2×S2
ωL ∧ ωR (9.90)
so that ωL, ωR generate the integer ohomology H∗(S2 × S2,Z). Noting that
ω is self-dual while ω˜ := ωL − ωR is anti-selfdual, it follows immediately that
both F = 2πω and F = 2πω˜ are solutions of the Abelian eld equations. More
generally, any
F (mL,mR) = 2πmLω
L + 2πmRω
R
(9.91)
for any integers mL, mR is a solution. In bundle language, they orrespond to
produts of 2 monopole bundles with onnetions and monopole number mL,R
over S2L,R. Following the literature we will denote any suh non-trivial solution
as instanton.
9.5.1 Instantons and uxons
We are interested in similar non-trivial solutions of the EOMs (9.4) in the fuzzy
ase. The monopole solutions on the fuzzy sphere S2N are given by representations
λN−mi of su(2) of size N−m [68℄, whih lead to the lassial monopole gauge elds
in the ommutative limit as shown in [96℄. It is hene easy to guess that we will
obtain solutions on S2N × S2N by taking produts of these:
BLi = α
L λN−mLi ⊗ 1lN−mR , (9.92)
BRi = α
R
1lN−mL ⊗ λN−mRi (9.93)
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where λ
N−mL,R
i are the N−mL,R dimensional generators of su(2). It is not diult
to verify that these are solutions of (9.4) with αL,R = 1 +
mL,R
N
for mL,R ≪ N ,
with eld strength
FiLjL = −m
L
2R3
ǫijkx
L
k , FiRjR = −
mR
2R3
ǫijkx
R
k , FiLjR = 0, (9.94)
while B ·B − N2−1
4
→ 0 as N →∞. This means that F = −2πmLωL− 2πmRωR
in the ommutative limit, so that indeed∫
SL,R
2
F
2π
= −mL,R. (9.95)
Notie that the Ansatz (9.93) implies that all matries have size N = (N −
mL)(N −mR), whih is inonsistent if we require that N = N2 in order to have
the original S2N × S2N vauum. Therefore it appears that these solutions live in
a dierent onguration spae, similar as the ommutative monopoles whih live
on dierent bundles. However, the situation is in fat more interesting: the above
solutions an be embedded in the same onguration spaes of N2×N2 matries
as the vauum solution if we ombine them with other solutions, whih have nite
ation in four dimensions
4
. They are in fat ruial to reover some of the known
U(1) instantons in the limit S2N → R2θ resp. S2N × S2N → R4θ, as we will see.
Consider the following Ansatz
BL,Ri = diag(d
L,R
i,1 , ..., d
L,R
i,n ) (9.96)
in terms of diagonal matries (ignoring the size of the matries for the moment).
These are solutions of (9.4) in two ases,∑
i
dL,Ri,k d
L,R
i,k =
{
N2−3
4
, typeA
0, typeB
(9.97)
(i.e. dL,Ri,k = 0 in type B). The assoiated eld strength is
FiLjL =
ǫijk
R2
diag(dLk,1, ..., d
L
k,n), FLR = 0, (9.98)
and a similar formula for FiRjR. The onstraint term is then (B ·B− N2−14 )→ −12
for type A, and (B · B − N2−1
4
) → −N2−1
4
for type B in the large N limit. In
partiular, only the type A solutions will have a nite ontribution
Sfluxon =
V
g2N
(
n
4R4
+
2n
R4
N2 − 3
4
)
→ 8π
2
g2
n (9.99)
4
as opposed to 2 dimensions, where their ation goes to innity for N →∞.
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to the ation
5
, whih for N → ∞ is only due to the eld strength. We will see
below that these type A solutions an be interpreted as a loalized ux or vortex,
and we will all them uxons sine they will lead in the saling limit to solutions
on R4θ whih we denoted as suh [94, 49, 56℄.
One an now ombine these uxon solutions with the monopole solutions
(9.93) in the form
BLi =
(
αL λN−mLi ⊗ 1lN−mR 0
0 diag(dLi,1, ..., d
L
i,n)
)
, (9.100)
BRi =
(
αR 1lN−mL ⊗ λN−mRi 0
0 diag(dRi,1, ..., d
R
i,n)
)
.
These are now matries of size N = (N −mL)(N −mR) + n, whih must agree
with N = N2. This is learly possible for
mL = −mR = m, n = m2, (9.101)
while for mL 6= −mR the ontribution from the uxons would be innite sine n
would be of order N . To understand these solutions, we an ompute the gauge
eld from (9.5),
ALi =
1
R
(
BLi − λNi ⊗ 1lN
)
= ALi (x
L, xR). (9.102)
To evaluate this, we rst have to hoose a gauge, i.e. a unitary transformation U
for (9.100) whih allows to express e.g. λN−mLi ⊗1lN−mR in terms of xLi ∝ λNi ⊗1lN
and xRi ∝ 1lN ⊗ λNi . For example, in the ase mL = −mR = m this an be done
using a unitary map
U : CN−m ⊗ CN+m ⊕ Cm2 → CN ⊗ CN , (9.103)
mapping a (N −m)× (N +m) matrix into a N ×N matrix by trivially mathing
the upper-left orner in the obvious way, and tting Cm
2
into the remaining
lower-right orner. With this being understood, one an write
RALi (x
L, xR) = (αLλN−mi − λNi )⊗ 1lN+m (9.104)
+λNi ⊗ (1lN+m − 1lN) + (d-terms)
= A
(mL)
i (x
L) + sing(xL3 = −R, xR3 = −R)
where A
(mL)
i (x
L) is indeed the gauge eld of a monopole with harge m on S2L in
the largeN limit, as was heked expliitly in [96℄. Here sing(xL3 = −R, xR3 = −R)
5
A nite ation an also be obtained for the type B solution using a slightly modied ation
(9.107), as disussed below.
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indiates a eld whih is singular for large N and loalized at the south pole of
S2L and S
2
R. It originates both from utting and pasting the bottom and right
border of the above matries using U (leading to singular gauge elds but regular
eld strength at the south poles), as well as the d-blok (leading to a singular
eld strength). To see this reall that in general for the standard representation
(C.2) of fuzzy spheres, entries in the lower-right blok of the matries orrespond
to funtions loalized at x3 = −R, p. (8.7). The gauge eld near this singularity
will be studied in more detail in hapter 10.2. The eld strength is
FiLjL = −m
L
2R3
ǫijkx
L
k + ǫijk
1
R2
n∑
i=1
dLk,iPi (9.105)
in the ommutative limit, where Pi are projetors in the algebra of funtions on
S2N × S2N of rank 1; realling (8.7), they should be interpreted as delta-funtions
Pi =
V
N2
δ(4)(x3 = −R). Similar formulae hold for ARi (xL, xR) and FiRjR, while
FLR = 0.
We assumed above that these delta-funtions are loalized at the south poles
xL3 = x
R
3 = −R. However, the loation of these delta-funtions an be ho-
sen freely using gauge transformations. This an be seen by applying suitable
suessive gauge transformations using N − k-dimensional irreps of SU(2) for
k = 0, 1, ..., m− 1, whih from the lassial point of view all orrespond to global
rotations, suessively moving the individual delta-peaks. Therefore the solution
(9.100) should in general be interpreted as a monopole on S2×S2 with monopole
number mL = −mR = m, ombined with a loalized singular eld strength har-
aterized by its position and a vetor dLk,i. We will see in hapter 10 that it
beomes the uxon solution in the planar limit R4θ.
The total ation of these solutions (9.100) is the sum of the ontributions from
the monopole eld plus the ontribution from the uxons (9.99), whih both give
the same ontribution
S(m) =
4π2
g2
(
2m2 + 2m2
)
(9.106)
in the large N limit, using (9.101). The rst term is due to the global monopole
eld (9.94), and the seond term is the ontribution of the uxons through the
loalized eld strength.
The interpretation of these solutions depends on the saling limit N → ∞
whih we want to onsider. We have seen that in the ommutative limit keeping
R = const, these solutions beome ommutative monopoles on S2 × S2 with
magneti harges mL = −mR, plus additional loalized uxon degrees of freedom.
For largeR, the eld strength of the monopoles vanishes, leaving only the loalized
uxons. In partiular, we will see in the following hapter that in the saling limit
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S2N×S2N → R4θ only the uxons survive and beome well-known solutions for gauge
theory on R4θ.
A nal remark is in order: if we x the size N of the matries, only ertain
uxon and monopole numbers are allowed, given by (9.101). Otherwise the num-
ber n of uxons and hene the ation would diverge with N . This an be seen as
an interesting feature of our model: viewed as a regularization of gauge theory on
R4θ, this points to possible subtleties of dening the admissible eld ongurations
in innite-dimensional Hilbert spaes and relations with topologial terms in the
ation. On the other hand, we ould aommodate the most general solutions
inluding also type B solutions (9.97) by modifying the ation similar as in [96℄.
For example,
S =
1
g2
∫ (4BLi BLi
N2R4
(BLi B
L
i −
N2L − 1
4
)2+
4BRi B
R
i
R4
(BRi B
R
i −
N2R − 1
4
)2+
1
2
Fia,jbFia,jb
)
(9.107)
leads to the same ommutative ation, but with a vanishing ation for the Dira
string in the type B solutions.
9.5.2 Spherial branes
Consider the following solutions
BLi =
(
αL λN−mi 0
0 diag(di,1, ..., di,m)
)
⊗ 1lN , (9.108)
BRi = 1lN ⊗ λNi
whih are matries of size N = N2. The orresponding eld strength is
FiLjL = − m
2R3
ǫijkx
L
k + ǫijk
1
R2
m∑
i=1
dk,iPi (9.109)
FRR = FLR = 0
where Pi are projetors in the algebra of funtions on S
2
L of rank 1 whih should
be interpreted as delta-funtions Pi =
4πR2
N
δ(2)(x3 = −R). In partiular the
gauge eld A vanishes on S2R, while on S2L there is a monopole eld together with
a singularity at a point. This is similar to the uxons of the previous hapter,
but now only on S2L. This leads to the interpretation as a 2-dimensional brane
loated at a point on S2L. The ation for these solutions is innite. In the limit
S2N × S2N → R4θ, the ux will be loated at a 2-dimensional hyperplane. Suh
solutions for gauge theory on R4θ were found in [1, 50℄, whih would be reovered
in the saling limit S2N × S2N → R4θ .
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Chapter 10
Gauge theory on R
4
θ from S
2
N × S2N
We saw in hapter (8.3) that R4θ an be obtained as a saling limit of fuzzy
S2NL ×S2NR . Here we will extend this saling also to the ovariant oordinates Bµ,
thereby relating the gauge theory on S2NL×S2NR to that on R4θ and hene providing
a regularization for the latter. We will in partiular relate the instanton solutions
on these two spaes.
On nonommutative R2θ, all U(1)-instantons were onstruted and lassied
in [50℄. One an indeed reover these instantons from orresponding solutions
on S2N , as we will show below. However, sine we are mainly interested in the
4-dimensional ase here, we will only present the orresponding onstrutions on
S2NL × S2NR resp. R4θ here, without disussing the 2-dimensional ase separately.
It an be reovered in an obvious way from the onsiderations below.
The situation on R4θ is more ompliated, and there are dierent types of
non-trivial U(1) instanton solutions on R4θ. The instantons found by solving the
nonommutative version of the ADHM equations [88, 41, 27, 55, 61℄ are hard to
nd in the fuzzy ase, as this onstrution relies heavily on selfduality, a notion
whih isn't naturally available in our formulation of S2 × S2 embedded in R6.
But the four-dimensional uxon solutions disussed in detail in hapter 7.3 an
be reovered as saling limits of the solutions (9.100) on S2NL×S2NR . In partiular,
the moduli of the uxon solutions on R
4
θ will be related to the free parameters
dL,Ri in (9.100). This supports our suggestion to use gauge theory on S
2
NL
× S2NR
as a regularization for gauge theory on R4θ.
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N × S2N
10.1 The ation
We saw in hapter 8.3 that the fuzzy spae S2NL × S2NRhas a saling limit to R4θ,
with θ ast in the following form:
θµν =

0 θ12 0 0
−θ12 0 0 0
0 0 0 θ34
0 0 −θ34 0
 . (10.1)
This saling an also be applied to the ovariant oordinates Bµ, onneting
the gauge theory on S2NL × S2NRto that on R4θ and therefore providing it with a
regularisation. For the selfdual ase (i.e. θ12 > 0 and θ34 > 0) we an dene
X1,2 :=
√
2θ12
NL
BL1,2 , (10.2)
X3,4 :=
√
2θ34
NR
BR1,2 , (10.3)
φL,R := BL,R3 −
NL,R
2
+
1
NL,R
((BL,R1 )
2 + (BL,R2 )
2) , (10.4)
The antiselfdual ase (θ34 < 0) an easily be reahed by setting e.g.
X4/3 :=
√
2θ34
NR
BR1/2, (10.5)
but for simpliity we will limit us to the selfdual ase in the following. The X
will beome the ovariant oordinates on R4θ in the limit NL/R → ∞, and the φ
an auxiliary eld. To see this we now blow up the spheres by setting
R2 =
1
2
NLθ34 =
1
2
NRθ12. (10.6)
With this double saling limit R, N → ∞ keeping θ xed we alulate for the
eld strength
1
R2
([BL1 , B
R
1 ]) =
1
θ12θ34
[X1, X3], et., (10.7)
1
R2
(BL1 + i[B
L
2 , B
L
3 ]) =
√
1
θ12θ34R2
(
X1 + i[X2, φ
L]− i
2θ12
[X2, (X1)
2]
)
1
R2
(BL2 + i[B
L
3 , B
L
1 ]) =
√
1
θ12θ34R2
(
X2 + i[X1, φ
L]− i
2θ12
[X1, (X2)
2]
)
1
R2
(BL3 + i[B
L
1 , B
L
2 ]) =
1
θ12θ34
(
θ12 + i[X1, X2]
+
θ12θ34
R2
φL − θ12θ
2
34
2R4
((X1)
2 + (X2)
2)
)
.
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Analogous expressions hold for BRi . For the potential term we get
1
R2
(BLi B
L
i −
N2L − 1
4
) =
1
θ34
φL +
2
R2
((φL)2 +
1
4
) (10.8)
− 1
θ12R2
{φL, (X1)2 + (X2)2}
+
1
θ212R
2
((X1)
2 + (X2)
2)2.
We immediately see that the only terms from ation (9.1) involving φL,R are
1
θ234
(φL)2 +
1
θ212
(φR)2 +O(
1
R
), (10.9)
and therefore we an integrate them out in the limitR→∞. In the leading order
in R the remaining terms give the standard ation
S = − 1
2g2θ212θ
2
34
∫
([Xµ, Xν ]− iθµν)2 (10.10)
for a gauge theory on R4θ for general θµν . The Xµ are interpreted as ovariant
oordinates, whih an be written as
1
Xµ = xµ + Aµ. (10.11)
Hene the gauge elds Aµ desribe the utuations around the vauum. In par-
tiular, note that our regularization proedure learly xes the rank of the gauge
group, unlike in the naive denition on Rdθ as disussed in hapter 7.2. The
generalization to the U(n) ase is obvious.
10.2 Instantons on R
4
θ from S
2
N × S2N
With the saling limit of hapter 10.1, the gauge theory on S2N × S2N provides us
with a regularization for the gauge theory on R4θ. Of ourse, suh a regularization
might aet the topologial features of the theory, an eet we want to investigate
in this hapter. For this, we will map the topologially nontrivial solutions found
in hapter 9.5 on S2N × S2N to R4θ.
Consider again the solutions (9.100) that ombine the uxon solutions with the
monopoles, with the uxons at the north pole instead of the south pole beause
1
we do not distinguish between upper and lower indies
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we want to study their struture. Their saling limit as in (10.2) gives
Xi =
√
2θ
N
(
diag(dLi,1, ..., d
L
i,n) 0
0 αL λN−mi ⊗ 1l
)
, (10.12)
Xi+2 =
√
2θ
N
(
diag(dRi,1, ..., d
R
i,n) 0
0 αR 1l⊗ λN+mi
)
(10.13)
for i = 1, 2. Realling that the resaled λ1,2 on S
2
NL
×S2NR beome the x±'s on R4θ
in the saling limit √
2θ
N
(λL,R1 ± iλL,R2 )→ x±L,R,
we see that (10.12) and (10.13) beome the instantons (7.32, 7.33) on R4θ,
X1 + iX2 → X(n)+L = Sx+LS† +
n∑
k=1
γLk |ik, jk〉〈ik, jk|, (10.14)
X3 + iX4 → X(n)+R = Sx+RS† +
n∑
k=1
γRk |ik, jk〉〈ik, jk|. (10.15)
Here the (di)-blok ating on a basis |ik, jk〉 of Vn ⊂ H ∼= CN beomes the
projetor part of (10.14, 10.15) with√
2θ
N
dL,R1,k → ReγL,Rk , (10.16)√
2θ
N
dL,R2,k → ImγL,Rk ,
and the monopole blok beomes Sx+S
†
where S is a partial isometry from H to
H\Vn. Note that we an reover any value for the γ's in this saling, solving the
onstraint didi =
N2−3
4
by d3 ≈ N2 . Therefore the full moduli spae of the uxon
solutions (7.32, 7.33) on R4θ an be reovered in this way. Furthermore, the mean-
ing of the parameters γL,R is easy to understand in our approah: Note rst that
using a rotation (whih ats also on the indies) followed by a gauge transforma-
tion, the di an be xed to be radial at the north pole, d
L,R
i ∼ (0, 0, N/2). This is
a uxon loalized at the north pole. Now apply a translation at the north pole,
whih orresponds to a suitable rotation on the sphere. As the γ1,2k , aording to
(10.16), are the projetions of the vetors dL,Ri onto the surfae of the spheres,
rotating the vetor dL,Ri in the saling limit amounts to a translation of the γ
1,2
k ,
whih therefore parametrize the position of the uxons.
It has been noted [37℄ that the Sx+S
†
orrespond to a pure (but topologially
nontrivial) gauge, whih an qualitatively be seen already in two dimensions.
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There, the partial isometry S : |k〉 → |k + n〉 is basially ( x−√
x−x+
)n ∼ (x−iy
r
)n ∼
einϕ and therefore the gauge eld Ai = S∂iS† has a winding number n. The
topologial nature of the Sx+S
†
is even more evident in our setting, as they are
the limit of the monopole solutions (9.92,9.93) on S2N × S2N . Moreover, note that
their ontribution to the ation (9.106) survives the saling: even though the eld
strength vanishes as R→∞, the integral gives a nite ontribution equal to the
ontribution of the uxon part. This topologial surfae term is usually omitted
in the literature on R4θ, but beomes apparent in the regularized theory.
So it seems that we reovered all the instantons of hapter 7.3, but in fat there
is an important detail that we haven't disussed jet. It is the embedding of the
n-dimensional uxons and the (N −m)(N +m)-dimensional monopole solutions
into the N2-dimensional matries of the ground state. Suh an embedding is
learly only possible for n = m2. This means that the regularized theory has a
superseletion rule for the dimension of the allowed instantons, a rule that did
not exist in the unregularized theory
2
.
One way to allow arbitrary instanton numbers is to allow the size N of the
matries to vary. However, this is less satisfatory as it destroys the uniation of
topologial setors, whih is a beautiful feature of nonommutative gauge theory.
On the other hand, the type B solutions (9.97) together with the hanged ation
(9.107) might allow the onstrution of the missing instantons. The idea is to
ll up the unneessary m2 − n plaes with di = 0. The hanged ation would
not suppress suh solutions any more, and in fat they would not even ontribute
to the ation. This amounts to adding a disrete setor to the theory whih
aommodates these type B solutions, but deouples from the rest of the model.
Whether or not one wants to do this appears to be a matter of hoie. This
emphasizes again the importane of a areful regularization of the theory. It
would be very interesting to see what happens in other regularizations e.g. using
gauge theory on nonommutative tori or fuzzy CP 2.
2
Note that this is dierent in two dimensions. There, a rank n uxon an be ombined
with a (N − n)-dimensional monopole blok and all the instantons on R2θ an be reovered.
Furthermore, the ations for the uxons and the monopoles sale dierently with N . Therefore,
in two dimensions, the ation for the monopoles vanishes in the saling limit that produes a
gauge theory on R2θ with resaled oupling onstant.
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Appendix A
Brakets, forms and frames
A.1 Denitions of the brakets
A.1.1 The Shouten-Nijenhuis braket
The Shouten-Nijenhuis braket for multivetorelds πs = π
i1...iks
s ∂i1 ∧ . . . ∧ ∂iks
an be written as ([7℄,IV.2.1):
[π1, π2]S = (−1)k1−1π1 • π2 − (−1)k1(k2−1)π2 • π1, (A.1)
π1•π2 =
k1∑
l=1
(−1)l−1πi1...ik11 ∂lπj1...jk22 ∂i1∧ . . .∧ ∂̂il∧ . . .∧∂ik1 ∧∂j1∧ . . .∧∂jk2 , (A.2)
where the hat marks an omitted derivative.
For a funtion g, vetorelds X = Xk∂k and Y = Y
k∂k and a bivetoreld
π = 1
2
πkl∂k ∧ ∂l we get:
[X, g]S = X
k∂kg, (A.3)
[π, g]S = −πkl∂kg∂l,
[X, π]S =
1
2
(Xk∂kπ
ij − πik∂kXj + πjk∂kX i)∂i ∧ ∂j ,
[π, π]S =
1
3
(πkl∂lπ
ij + πil∂lπ
jk + πjl∂lπ
ki)∂k ∧ ∂i ∧ ∂j .
A.1.2 The Gerstenhaber braket
The Gerstenhaber braket for polydierential operators As an be written as
([7℄,IV.3):
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[A1, A2]G = A1 ◦ A2 − (−1)(|A1|−1)(|A2|−1)A2 ◦ A1, (A.4)
(A1 ◦ A2)(f1, . . . fm1+m2−1) (A.5)
=
m1∑
j=1
(−1)(m2−1)(j−1)A1(f1, . . . fj−1, A2(fj , . . . , fj+m2−1), fj+m2, . . . , fm1+m2−1),
where |As| is the degree of the polydierential operator As, i.e. the number of
funtions it is ating on.
For funtions g and f , dierential operators D1and D2 of degree one and P
of degree two we get
[D, g]G = D(g), (A.6)
[P, g]G(f) = P (g, f)− P (f, g),
[D1, D2]G(g) = D1(D2(g))−D2(D1(g)),
[P,D]G(f, g) = P (D(f), g) + P (f,D(g))−D(P (f, g)).
A.2 Nonommutative forms
We are now able to introdue nonommutative forms as well. If we have a map
δ from the Poisson vetor elds to the derivations of the ⋆-produt algebra, we
have seen that there is a natural Lie-algebra struture
[δX , δY ] = δ[X,Y ]⋆ , (A.7)
over the spae of these derivations. On this we an easily onstrut the Chevalley
ohomology. Further, again with the map δ, we an lift derivations of the Poisson
struture to derivations of the ⋆-produt. Therefore it should be possible to pull
bak the Chevalley ohomology from the spae of derivations to the Poisson vetor
elds. This will be done in the following.
A deformed k-form is dened to map k Poisson vetor elds to a funtion
and has to be skew-symmetri and linear over C. This is a generalization of
the undeformed ase, where a form has to be linear over the algebra of funtions.
Funtions are dened to be 0-forms. The spae of forms Ω⋆M is now a ⋆-bimodule
via
(f ⋆ ω ⋆ g)(X1, . . . , Xk) = f ⋆ ω(X1, . . . , Xk) ⋆ g. (A.8)
As expeted, the exterior dierential is dened with the help of the map δ.
δω(X0, . . . , Xk) = (A.9)
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k∑
i=0
(−1)i δXiω(X0, . . . , Xˆi, . . . , Xk)
+
∑
0≤i<j≤k
(−1)i+jω([Xi, Xj]⋆, X0, . . . , Xˆi, . . . , Xˆj, . . . , Xk).
With the properties of δ and [·, ·]⋆ it follows that
δ2ω = 0. (A.10)
To be more expliit we give formulas for a funtion f , a one form A and a two
form F
δf(X) = δXf, (A.11)
δA(X, Y ) = δXAY − δYAX − A[X,Y ]⋆,
δF (X, Y, Z) = δXFY,Z − δY FX,Z + δZFX,Y ,
−F[X,Y ]⋆,Z + F[X,Z]⋆,Y − F[Y,Z]⋆,X .
A wedge produt may be dened
ω1 ∧ ω2(X1, . . . , Xp+q) = (A.12)
1
p!q!
∑
I,J
ε(I, J)ω1(Xi1 , . . . , Xip) ⋆ ω2(Xj1, . . . , Xjq)
where (I, J) is a partition of (1, . . . , p+q) and ε(I, J) is the sign of the orrespond-
ing permutation. The wedge produt is linear and assoiative and generalizes the
bimodule struture (A.8). We note that it is no more graded ommutative. We
again give some formulas.
(f ∧ A)X = f ⋆ AX , (A.13)
(A ∧ f)X = AX ⋆ f,
(A ∧B)X,Y = AX ⋆ BY − AY ⋆ BX .
The dierential (A.9) fullls the graded Leibniz rule
δ(ω1 ∧ ω2) = δω1 ∧ ω2 + (−1)k2 ω1 ∧ δω2. (A.14)
A.3 Frames
We will now propose a method how to nd frames and Poisson strutures of quan-
tum groups that are ompatible. On several quantum spaes deformed derivations
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have been onstruted [99, 72, 24℄. In most ases the deformed Leibniz rule may
be written in the following form
∂ˆµ(fˆ gˆ) = ∂ˆµfˆ gˆ + Tˆµ
ν(fˆ)∂ˆν gˆ, (A.15)
where Tˆ is an algebra morphism from the quantum spae to its matrix ring
Tˆµ
ν(fˆ gˆ) = Tˆµ
α(fˆ)Tˆα
ν(gˆ). (A.16)
Again in some ases it is possible to implement this morphism with some kind of
inner morphism
Tˆµ
ν(fˆ) = eˆµ
afˆ eˆa
ν , (A.17)
where eˆa
µ
is an invertible matrix with entries from the quantum spae. If we
dene
eˆa = eˆa
µ∂ˆµ, (A.18)
the eˆa are derivations
eˆa(fˆ gˆ) = eˆa(fˆ)gˆ + fˆ eˆa(gˆ). (A.19)
The dual formulation of this with ovariant dierential aluli on quantum spaes
is the formalism with ommuting frames investigated for example in [32, 76, 23,
77℄. There one an additionally nd how our formalism ts into the language of
Connes' spetral triples.
We an now represent the quantum spae with the help of a ⋆-produt. For
example, we an use the Weyl ordered ⋆-produt onstruted in hapter 3.3.
Further we an alulate the ation of the operators eˆa on funtions. Sine the eˆa
are now derivations of a ⋆-produt, there neessarily exist Poisson vetor elds ea
with
δea = eˆa. (A.20)
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Calulation of the SW-map to all
orders
B.1 Calulation of [θt, θt] and [θt, Xt]
We want to show that θt is still a Poisson tensor and that Xt still ommutes with
θt. For this we rst dene θ(n)
k
l = (θf)
n = θkifij . . . θ
rsfsl = fliθ
ij . . . frsθ
sk =
(fθ)n and θ(n)kl = θ(fθ)n = θkifij . . . frsθ
sl
. In the alulations to follow we will
sometimes drop the derivatives of the polyvetorelds and assoiate πk1...kn with
πk1...kn 1
n
∂k1 ∧ . . . ∧ ∂knfor simpliity. All the alulations are done loally.
We evaluate
[θt, θt]S = θ
kl
t ∂lθ
ij
t + .p. in (kij) (B.1)
=
∞∑
n,m=0
m∑
o=0
(−t)n+mθ(n)krθ(o)isθ(m− o)jpθrl∂lθsp + .p. in (kij)
+
∞∑
n,m=0
m∑
o=0
(−t)n+m+1θ(n)klθ(o)isθ(m− o)pj∂lfsp + .p. in (kij)
=
∞∑
n,m,o=0
(−t)n+m+oθ(n)krθ(o)isθ(m)jpθrl∂lθsp + .p. in (kij)
−
∞∑
n,m,o=0
(−t)n+m+o+1θ(n)klθ(o)isθ(m)jp∂lfsp + .p. in (kij).
The rst part vanishes beause θt is a Poisson tensor, i.e.
[θ, θ]S = θ
kl∂lθ
ij + .p. in (kij) = 0, (B.2)
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the seond part beause of
∂kfij + .p. in (kij) = 0. (B.3)
To prove that Xt still ommutes with θt, we rst note that
Xt = X
∞∑
n=0
(−tfθ) = X(1− tfθt). (B.4)
With this we an write
[Xt, θt] = [X, θt]− t[Xfθt, θt] (B.5)
= Xn∂nθ
kl
t − θknt ∂nX l + θlnt ∂nXk
−tXmfmiθint ∂nθklt + tθknt ∂n(Xmfmiθilt )− tθlnt ∂n(Xmfmiθikt )
= Xn∂nθ
kl
t − θknt ∂nX l + θlnt ∂nXk
+tθknt ∂nX
mfmiθ
il
t − tθlnt ∂nXmfmiθikt
+tθknt X
m∂nfmiθ
il
t − tθlnt Xm∂nfmiθikt .
In the last step we used (B.2). To go on we note that
tθknt X
m∂nfmiθ
il
t − tθlnt Xm∂nfmiθikt = tXnθkmt ∂nfmiθilt , (B.6)
where we used (B.3). Making use of the power series expansion and the fat that
X ommutes with θ, i.e.
[X, θ] = Xn∂nθ
kl − θkn∂nX l + θln∂nXk = 0, (B.7)
we further get
Xn∂nθ
kl
t + tX
nθkmt ∂nfmiθ
il
t =
∞∑
r,s=0
(−t)r+sθ(r)kiXn∂nθijθ(s)lj (B.8)
=
∞∑
r,s=0
(−t)r+sθ(r)ki θin∂nXjθ(s)lj
−
∞∑
r,s=0
(−t)r+sθ(r)ki θjn∂nX iθ(s)lj .
Therefore (B.5) reads
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[Xt, θt] =
∞∑
r,s=0
(−t)r+sθ(r)ki θ(s)ljθin∂nXj (B.9)
−
∞∑
r,s=0
(−t)r+sθ(r)ki θ(s)ljθjn∂nX i
−θknt ∂nX l + θlnt ∂nXk + tθknt ∂nXmfmiθilt − tθlnt ∂nXmfmiθikt
= 0.
B.2 Calulation of the ommutators
B.2.1 Semi-lassial onstrution
We alulate the ommutator (5.115) (see also [66℄), dropping the t-subsripts on
θt for simpliity and using loal expressions.
[aθ, dθ(g)] = −θijaj∂iθkl∂kg∂l − θijajθkl∂i∂kg∂l (B.10)
+θkl∂kg∂lθ
ijaj∂i + θ
kl∂kgθ
ij∂laj∂i
= −θkl∂kθijaj∂ig∂l − θklθijaj∂k∂ig∂l − θklθij∂jak∂ig∂l
= +θijfjkθ
kl∂ig∂l − θkl∂k(θijaj∂ig)∂l
= −dθfθg + dθ(aθ(g))
= −∂t(dθ)g + dθ(aθ(g)).
For (5.116) we get
[aθ, Xt] = θ
ijaj∂iX
k∂k −Xk∂kθijaj∂i −Xkθij∂kaj∂i (B.11)
= −θijXk∂kaj∂i − θik∂kXjaj∂i
= Xkfkiθ
ij∂j + θ
ij∂i(X
kak)∂j
= −∂tX − dθ(Xkak).
B.2.2 Quantum onstrution
In [79℄, (5.97,5.98,5.101) have already been alulated, unlukily (and impliitly)
using a dierent sign onvention for the brakets of polyvetorelds. In [66℄, again
a dierent sign onvention is used, oiniding with the one in [79℄ in the relevant
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ases. In order to keep our formulas onsistent with the ones used in [79, 66℄, we
dene our braket on polyvetorelds π1 and π2 as in [79℄ to be
[π1, π2] = −[π2, π1]S, (B.12)
giving an extra minus sign for π1 and π2 both even. The braket on polydierential
operators is always the Gerstenhaber braket.
With these onventions and
d⋆ = −[·, ⋆] (B.13)
we rewrite the formulas (5.101,5.99,5.97,5.98) so we an use them in the fol-
lowing
[Φ(X),Φ(g)]G = Φ([X, g]) + Ψ([θ, g], X)−Ψ([θ,X ], g), (B.14)
[Φ(X),Φ(Y )]G = d⋆Ψ(X, Y ) (B.15)
+Φ([X, Y ]) + Ψ([θ, Y ], X)−Ψ([θ,X ], Y ),
d⋆Φ(g) = Φ(dθ(g)), (B.16)
d⋆Φ(X) = Φ(dθ(X)). (B.17)
For the alulation of the ommutators of the quantum objets we rst dene
a⋆ = Φ(aθt) (B.18)
and
f⋆ = Φ(fθt). (B.19)
With (B.17) we get the quantum version of (5.114)
f⋆ = d⋆a⋆. (B.20)
For funtions f and g we get
∂t(f ⋆ g) =
∞∑
n=0
1
n!
∂tUn(θt, . . . , θt)(f, g) (B.21)
=
∞∑
n=1
1
(n− 1)!Un(fθ, . . . , θt)(f, g)
= f⋆(f, g)
With these two formulas we an now alulate the quantum version of (5.115)
as in [66℄. On two funtions f and g we have
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∂t(f ⋆ g) = f⋆(f, g) (B.22)
= d⋆a⋆(f, g)
= −[a⋆, ⋆](f, g)
= −a⋆(f ⋆ g) + a⋆(f) ⋆ g + f ⋆ a⋆(g),
where we used (A.6) in the last step. Therefore
[a⋆, d⋆(g)](f) = a⋆(d⋆(g)(f))− d⋆(g)(a⋆(f)) (B.23)
= a⋆([f ⋆, g])− [a⋆(f) ⋆, g]
= −∂t[f ⋆, g]− [a⋆(g) ⋆, f ]
= −∂td⋆(g)(f) + d⋆(a⋆(g))(f).
For a funtion g whih might also depend on t the quantum version of (5.115)
now reads
[a⋆ + ∂t, d⋆(g)] = d⋆(a⋆(g)). (B.24)
We go on to alulate the quantum version of (5.116). We rst note that
∂tΦ(Xt) =
∞∑
n=1
1
(n− 1)!∂tUn(Xt, θt, . . . , θt) = Φ(∂tXt) + Ψ(fθ, Xt). (B.25)
With this we get
[Φ(aθ),Φ(Xt)] = d⋆Ψ(aθ, Xt) + Φ([aθ, Xt]) (B.26)
−Ψ([θt aθ]) + Ψ([θt, Xt], aθ)
= d⋆Ψ(aθ, Xt) + Φ(−dθ(Xkt ak)) + Φ(−∂tXt)−Ψ(fθ, Xt)
= −d⋆(Φ(Xkt ak)−Ψ(aθ, Xt))− ∂tΦ(Xt),
where we have used (B.15).
B.3 The transformation properties of Kt
To alulate the transformation properties of Kt(X
k
t ak), we rst evaluate
δλ((aθ + ∂t)
n)Xkak =
n−1∑
i=0
(aθ + ∂t)
idθ(λ)(aθ + ∂t)
n−1−iXkak (B.27)
=
n−1∑
i=0
i∑
l=0
(
i
l
)
dθ((aθ + ∂t)
l(λ))(aθ + ∂t)
n−1−lXkak
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and
(aθ + ∂t)
nδλ(X
kak) (B.28)
= (aθ + ∂t)
nXk∂kλ
= Xk∂k(aθ + ∂t)
n −
n−1∑
i=0
(aθ + ∂t)
idθ(X
kak)(aθ + ∂t)
n−1−iλ
= Xk∂k(aθ + ∂t)
n −
n−1∑
i=0
n−1−i∑
j=0
(
n− 1− i
j
)
(−1)n−1−i−j(aθ + ∂t)i+j ×
dθ((aθ + ∂t)
n−1−i−j(Xkak))(λ)
= Xk∂k(aθ + ∂t)
n +
n−1∑
i=0
n−1−i∑
j=0
(
n− 1− i
j
)
(−1)n−1−i−j(aθ + ∂t)i+j ×
dθ(λ)((aθ + ∂t)
n−1−i−j(Xkak))
= Xk∂k(aθ + ∂t)
n +
n−1∑
i=0
n−1−i∑
j=0
i+j∑
l=0
(
n− 1− i
j
)(
i+ j
l
)
(−1)n−1−i−j ×
dθ((aθ + ∂t)
l(λ))((aθ + ∂t)
n−1−l(Xkak)).
We go on by simplifying these expressions. Using(
i
l
)
=
(
i− 1
l
)
+
(
i− 1
l − 1
)
for i > l (B.29)
we get
n−1∑
m=l
m∑
i=0
(
n− 1− i
m− i
)(
m
l
)
(−1)n−1−m =
n−1∑
m=l
(
n
m
)(
m
l
)
(−1)n−1−m. (B.30)
Using (B.29) again two times and then using indution we go on to
n−1∑
m=l
(
n
m
)(
m
l
)
(−1)n−1−m =
l∑
i=0
(
n− 1− i
n− 1− l
)
, (B.31)
giving, after using (B.29) again
l∑
i=0
(
n− 1− i
n− 1− l
)
=
(
n
l
)
. (B.32)
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Together with
n−1∑
i=l
(
i
l
)
=
(
n
l + 1
)
(B.33)
these formulas add up to give
n−1∑
m=l
m∑
i=0
(
n− 1− i
m− i
)(
m
l
)
(−1)n−1−m +
n−1∑
i=l
(
i
l
)
=
(
n+ 1
l + 1
)
(B.34)
and therefore
δλ(Kt(X
kak)) = X
k∂k(Kt(λ)) + dθ(Kt(λ))Kt(X
kak). (B.35)
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Appendix C
Representations
C.1 The standard representation of the fuzzy sphere
The irreduibleN-dimensional representation of the su(2) algebra λi (8.3) is given
by
(λ3)kl = δkl
N + 1− 2k
2
, (C.1)
(λ+)kl = δk+1,l
√
(N − k)k, (C.2)
where k, l = 1, ..., N and λ± = λ1 ± iλ2.
C.2 Representation of the SO(6)- intertwiners and
Cliord algebra
Latin indies i, j will run from 1 to 3, whereas Greek indies µ, ν, ... denote all
the six dimensions, i.e. both the three left and the three right indies. We will
use the Pauli matries
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
, (C.3)
whih satisfy
σiσj = δij + iεijkσk. (C.4)
With these we dene the 4-dimensional antisymmetri matries
γ1L = σ
1 ⊗ σ2, γ2L = σ2 ⊗ 1, γ3L = σ3 ⊗ σ2,
γ1R = i σ
2 ⊗ σ1, γ2R = i 1⊗ σ2, γ3R = i σ2 ⊗ σ3. (C.5)
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They are the intertwiners between SU(4) ⊗ SU(4) and SO(6) and fulll the
following relations:
(γiL)
† = γiL, (C.6)
(γiR)
† = −γiR
and
γiLγ
j
L = δ
ij + iǫijk γ
k
L, (C.7)
γiRγ
j
R = −δij − ǫijk γkR,
[γiL, γ
j
R] = 0.
We an now dene the 8-dimensional representation of the SO(6)-Cliord algebra
as
Γµ =
(
0 γµ
γµ† 0
)
, (C.8)
with the desired antiommutation relations
{Γµ,Γν} =
(
γµγν† + γνγµ† 0
0 γµ†γν + γν†γµ
)
= 2δµν . (C.9)
The hirality operator in this basis is
Γ = iΓ1LΓ
2
LΓ
3
LΓ
1
RΓ
2
RΓ
3
R =
( −1 0
0 1
)
. (C.10)
The 8-dimensional SO(6)-rotations are generated by
Σµν8 = −
i
4
[Γµ,Γν ] = − i
4
(
γµγν† − γνγµ† 0
0 γµ†γν − γν†γµ
)
. (C.11)
If we dene
Σµν = − i
4
(γµγν† − γνγµ†) and Σµν = − i
4
(γµ†γν − γν†γµ), (C.12)
the Cliord algebra transforms as
[Σµν8 ,Γ
σ] =
(
0 Σµνγσ − γσΣµν
Σ
µν
γσ† − γσ†Σµν 0
)
. (C.13)
Expliitly we have
ΣiL jL = − i
4
[γiL, γ
j
L] = Σ
iL jL
, (C.14)
ΣiR jR = i
4
[γiR, γ
j
R] = Σ
iR jR
, (C.15)
ΣiR jL = − i
4
{γiR, γjL} = −Σ
iR jL
(C.16)
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and therefore
[ΣiL jL8 ,Γ
σ] =
(
0 [ΣiL jL, γσ]
[ΣiL jL, γσ†] 0
)
, (C.17)
[ΣiR jR8 ,Γ
σ] =
(
0 [ΣiR jR, γσ]
[ΣiR jR, γσ†] 0
)
, (C.18)
[ΣiR jL8 ,Γ
σ] =
(
0 {ΣiR jL, γσ}
−{ΣiR jL, γσ†} 0
)
. (C.19)
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Appendix D
Calulations for the matrix model
approah
D.1 Alternative formulation using 4N×4N matri-
es
Let us rewrite the ation (9.32) in terms of the 4N × 4N matries BL, BR (9.20).
Noting that
CLCR + CRCL =
( −[BL, BR] 0
0 [BL, BR]
)
(D.1)
we an rewrite S6 (9.28) as
S6 = 2Tr
(
B2L − B2R −
N2
2
)2
+ 2Tr
(
[BL, BR]
2
)
, (D.2)
where the trae is now over 4N × 4N matries. Similarly
Sbreak = −4Tr
(
B2L −
N2
4
)(
−B2R −
N2
4
)
(D.3)
and ombined we reover (9.1) as
S = S6 − Sbreak = 2Tr
(
(B2L −
N2
4
)2 + (−B2R −
N2
4
)2 + [BL, BR]
2
)
. (D.4)
This looks like a 2-matrix model, however the degrees of freedom BL, BR are still
very muh onstrained and span only a small subspae of the 4N × 4N matries.
We would like to nd an intrinsi haraterization without using the γµ expliitly.
One possibility is to hoose the γµ to be ompletely anti-symmetri matries,
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see Appendix C.2. However this does not extend to B, sine the Bµ should be
Hermitian and not neessarily symmetri, and moreover the γµ are not Hermitian
(the onjugate being the intertwiner (6) ⊂ (4) ⊗ (4)). Another possibility is
provided by the following representation of the γ-matries:
γiL = σ
i ⊗ 1l2×2, γiR = 1l2×2 ⊗ iσi. (D.5)
They satisfy the relations (9.16)  (9.19), but are not antisymmetri. Now note
that
γiR = iPγ
i
LP (D.6)
where
P =

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
 = 12(1 + σi ⊗ σi) (D.7)
permutes the two tensor fators and satises
P 2 = 1. (D.8)
Therefore we an haraterize the degrees of freedom in terms of 2 Hermitian
2N × 2N matries
XL = B
i
Lσi +
1
2
, XR = B
i
Rσi +
1
2
(D.9)
whih are arbitrary up to the onstraint that X0L,R =
1
2
. Then
BL = XL ⊗ 1l2×2, BR = iP (XR ⊗ 1l2×2)P ; (D.10)
they ould be extrated from a single omplex matrix B˜ = (XL + iXR) ⊗ 1l2×2.
Furthermore, matries of the form X⊗1l2×2 are haraterized through their spe-
trum, whih is doubly degenerate; indeed any suh Hermitian matrix an be ast
into the above form using suitable unitary SU(4N ) transformations. Similarly,
P an also be haraterized intrinsially: any matrix P written as
P = P0 ⊗ 1l2×2 + Pi ⊗ σi (D.11)
whih satises the onstraints
P0 =
1
2
, P 2 = 1l (D.12)
is given by (D.7) up to an irrelevant unitary transformation U ⊗ 1l. We ould
therefore write down the ation (D.4) in terms of three matries BL,−iPBRP
and P , all of whih are haraterized by their spetrum and onstraints of the
form (..)0 =
1
2
. The hope is that suh a reformulation may allow to apply some
of the powerful methods from random matrix theory, in the spirit of [96℄.
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D.2 Stability analysis of the SO(6) - invariant a-
tion (9.28)
Consider the ation (9.28). We will split o the radial degrees of freedom for large
N by setting1
BiL = λiL + AiL = λiL +AiL + xiLΦL (D.13)
requiring that λiLAiL = 0, and similarly for BiR, The stability of our geometry
will depend on the behavior of ΦL and ΦR. We alulate that
BµBµ−N
2 − 1
2
= N(ΦL+ΦR)+ΦLΦL+ΦRΦR+AµAµ−[λµ,Aµ]+O( 1
N
), (D.14)
where we used that λiaAia = 0 and therefore bothAiaxia = O( 1N ) andAia[λia, ·] =O( 1
N
) for a = L,R. Setting
ΦL + ΦR = Φ1, (D.15)
ΦL − ΦR = Φ2
we get
BµBµ − N
2 − 1
2
= NΦ1 + Φ1Φ1 + Φ2Φ2 +AµAµ − [λµ,Aµ] +O( 1
N
). (D.16)
In the limit N →∞ we an integrate out Φ1, as it aquires an innite mass. Al-
ternatively we an resale Φ1 by setting φ1 =
1
N
Φ1. Then, all the terms involving
φ1 but the rst one in (D.16) will be of order
1
N
and we an equally integrate out
φ1.
The terms from
FiLFiL + FiRFiR − [BiL, BiR]2 (D.17)
with FiL =
1
2
ǫijkFjLkL et. involving the remaining Φ2 will be (in the limit
N →∞)
1
2
Φ2Φ2 − Jµ(Φ2)Jµ(Φ2)− FiLxiLΦ2 + FiRxiRΦ2 (D.18)
with the tangential derivatives Jia = −iǫijkxja∂ka. Calulating that
JµΦ2JµΦ2 = −∂µΦ2∂µΦ2 − xiL∂iLΦ2xjL∂jLΦ2 − xiR∂iRΦ2xjR∂jRΦ2 (D.19)
and using partial integration under the integral this gives
1
2
Φ2Φ2−Φ2∂µ∂µΦ2−xiL∂iLΦ2xjL∂jLΦ2−xiR∂iRΦ2xjR∂jRΦ2−FiLxiLΦ2+FiRxiRΦ2
(D.20)
1
the fat that this leads to non-hermitian elds for nite N is not essential here
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Expanding both Φ2 and F in left and right spherial harmonis as
Φ2 =
∑
klmn
cklmnY
L
kmY
R
ln and Fiaxia =
∑
klmn
faklmnY
L
kmY
R
ln (D.21)
we get for xed klmn, setting c = cklmn, f
a = faklmn and p =
1
2
+ l(l+1)+k(k+1)
the following expression
pc2 − cfL + cfR = p(c− 1
2p
fL +
1
2p
fR)2 − 1
4p
(fL − fR)2. (D.22)
Integrating out the c's and putting everything bak this leaves us with the addi-
tional term
−(FiLxiL − FiRxiR) 1
4(1
2
− ∂µ∂µ)
(FiLxiL − FiRxiR) (D.23)
in the ation (9.28).
D.3 The Dira operator in spherial oordinates
For a general Riemannian manifold with metri
g = gµνdx
µdxν (D.24)
the Christoel symbols are given by
Γσµν =
1
2
gσλ(∂µgλν + ∂νgλµ − ∂λgµν). (D.25)
We an hange to a non-oordinate basis (labeled by Latin indies in ontrast to
the Greek indies for the oordinates) by introduing the vielbeins eµa with
eaµe
µ
b = δ
a
b , (D.26)
gµν = e
a
µe
b
νδab, g
µν = eµae
ν
b δ
ab.
With these, the Dira operator is given by
D = −iγaeµa(∂µ +
1
4
ωµab[γ
a, γb]), (D.27)
where the γa form a at Cliord algebra, i. e.
{γa, γb} = 2δab , γa† = γa (D.28)
and the spin onnetion ω fullls
∂µe
a
ν − Γλµνeaλ + ω aµ b ebν = 0. (D.29)
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D.3.1 The Dira operator on R6 in spherial oordinates
We will now write down the at SO(6) Dira operator D6 by splitting R
6
into
R3L × R3R and introduing spherial oordinates on both the left and right hand
side. The at metri beomes
g6 = r
2
L dθL ⊗ dθL + r2L sin2 θL dφL ⊗ dφL + drL ⊗ drL (D.30)
+r2R dθR ⊗ dθR + r2R sin2 θR dφR ⊗ dφR + drR ⊗ drR.
Looking at the formula for the Christoel symbols (D.25), we see that all the
symbols with both right and left indies vanish. For the symbols with only right
or only left indies we get
Γθφφ = − sin θ cos θ, (D.31)
Γφθφ =
cos θ
sin θ
= Γφφθ,
Γrθθ = −r,
Γrφφ = −r sin2 θ,
Γθrθ =
1
r
= Γθθr,
Γφrφ =
1
r
= Γφφr,
where we have dropped the left or right subsript for simpliity. All other symbols
vanish. We want to go to a non-oordinate basis by introduing the vielbeins
e1LθL = rL; e
2L
φL
= rL sin θL; e
3L
rL
= 1; (D.32)
e1RθR = rL; e
2R
φR
= rR sin θR; e
3R
rR
= 1. (D.33)
Calulating the spinor onnetion by (D.29), we again see that all the terms with
both left and right indies vanish. The terms with only left or only right indies
are
ω 1φ 2 = − cos θ = −ω 2φ 1, (D.34)
ω 2φ 3 = sin θ = −ω 3φ 2,
ω 1θ 3 = 1 = −ω 3θ 1,
where we again dropped the left or right subsripts. Putting all this together we
see that D6 splits up into a left part D3L and a right part D3R as
D6 = D3L +D3R (D.35)
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with
D3L = −iΓ1L
1
rL
(∂θL +
cos θL
sin θL
)− iΓ2L
1
rL sin θL
∂φL − iΓ
3
L(∂rL +
1
rL
), (D.36)
D3R = −iΓ1R
1
rR
(∂θR +
cos θR
sin θR
)− iΓ2R
1
rR sin θR
∂φR − iΓ
3
R(∂rR +
1
rR
).(D.37)
where the Γ have to form a SO(6) Cliord algebra.
D.3.2 The Dira operator on S2 × S2
We now want to alulate the urved Dira operatorD4 on S
2×S2 in the spherial
oordinates of the spheres (they are the same spherial oordinates we used before,
now restrited to the spheres). The metri on S2 × S2 with radii rL and rR is
g4 = r
2
L dθL ⊗ dθL + r2L sin2 θL dφL ⊗ dφL (D.38)
+r2R dθR ⊗ dθR + r2R sin2 θR dφR ⊗ dφR.
The metri is the same as (D.30) restrited to the spheres, so the Christoel
symbols are the same as (D.31). Again introduing the vielbeins
e1LθL = rL; e
2L
φL
= rL sin θL; (D.39)
e1RθR = rL; e
2R
φR
= rR sin θR, (D.40)
we see that also the spin onnetion is the same as (D.34), and therefore we an
again split D4 into a right part D2R and a left part D2L as D4 = D2L +D2R with
D2L = −iΓ˜1L
1
rL
(∂θL +
cos θL
sin θL
)− iΓ˜2L
1
rL sin θL
∂φL , (D.41)
D2R = −iΓ˜1R
1
rR
(∂θR +
cos θR
sin θR
)− iΓ˜2R
1
rR sin θR
∂φR, (D.42)
where the Γ˜ form a at SO(4) Cliord algebra.
D.3.3 SO(3) × SO(3)-ovariant form of the Dira operator
on S2 × S2
The at SO(6) Dira operator D6 an be split into a left part D3L and a right
part D3R using spherial oordinates in D.35. Of ourse, D6 an also be written
in the usual Eulidian oordinates as
D6 = −iΓµ∂µ, (D.43)
D Calulations for the matrix model approah 135
where again we an split it into a left and a right part as
D6 = D3L +D3R (D.44)
with
D3L = −iΓiL∂i, D3R = −iΓiR∂i, (D.45)
{D3L, D3R} = 0.
We have left open whih representation of the SO(6) Cliord algebra we want to
use for the Γ in (D.36,D.37), but Γ in (D.45) is really the representation given by
(9.21). We will now relate the two expressions for the Cliord algebra and the
Dira operator by rst dening
JiL = −iǫijkxjL∂kL and JiR = −iǫijkxjR∂kR (D.46)
and noting that (
ΓiLxiL
rL
)2
=
(
ΓiRxiR
rR
)2
= 1. (D.47)
We alulate that(
ΓjLxjL
rL
)2
ΓiL∂iL =
(
ΓjLxjL
rL
)(
xiL∂iL
rL
− 1
rL
(
γiL 0
0 γiL
)
JiL
)
, (D.48)(
ΓjRxjR
rR
)2
ΓiR∂iR =
(
ΓjRxjR
rR
)(
xiR∂iR
rR
+
i
rR
(
γiR 0
0 γiR
)
JiR
)
, (D.49)
and therefore
D3L = −i
(
ΓjLxjL
rL
)(
∂rL −
1
rL
(
γiL 0
0 γiL
)
JiL
)
, (D.50)
D3R = −i
(
ΓjRxjR
rR
)(
∂rR +
i
rR
(
γiR 0
0 γiR
)
JiR
)
. (D.51)
Comparing this with (D.36,D.37) we see that
Γ
3
L =
(
ΓiLxiL
rL
)
and Γ
3
R =
(
ΓiRxiR
rR
)
, (D.52)
as the JL and JR have no radial omponents. From (D.50,D.51) we an also
dedue that
[Γ
i
L,
(
0 1
1 0
)
] = 0 = [Γ
i
R,
(
0 1
−1 0
)
] (D.53)
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and
{ΓiR,
(
0 1
1 0
)
} = 0 = {ΓiL,
(
0 1
−1 0
)
}. (D.54)
The urved Dira operator D4 on S
2 × S2 expressed in the spherial oordinates
of the spheres also splits up as D4 = D2L + D2R with right part D2R and left
part D2L given in (D.41,D.42). Comparing this with (D.36,D.37), we see that the
dependene on the tangential oordinates is the same in both expressions. With
(D.53,D.54) we see that the matries −i
(
0 1
1 0
)
Γ
3
LΓ
i
L and
(
0 1
−1 0
)
Γ
3
RΓ
j
R
for i, j = 1, 2 form a SO(4) Cliord algebra and an therefore be used as the Γ˜.
Note that this representation is still reduible, a problem we deal with in hapter
9.4.2. Now we an get a simple relation between the D3 restrited on the spheres
and the D2
−
(
0 1
1 0
)
(iΓ
3
LD3L|res. −
1
rL
) = D2L, (D.55)
−i
(
0 1
−1 0
)
(iΓ
3
RD3R|res. −
1
rR
) = D2R. (D.56)
Inserting (D.50,D.51) and using (D.52) together with (D.47) we nd that
D2L =
1
rL
(ΓiLJiL +
(
0 1
1 0
)
), (D.57)
D2R =
1
rR
(ΓiRJiR + i
(
0 1
−1 0
)
). (D.58)
Setting rL = rR = 1 for simpliity, the Dira operator D4 on S
2 × S2 takes the
form (9.43).
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